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ABSTRACT 

In four- dimensional F-theory compactifications with N=l supersymmetry the fields 
describing the dynamics of space-time filhng 7-branes are part of the complex structure 
moduli space of the internal Calabi-Yau fourfold. We explicitly compute the flux super- 
potential in F-theory depending on all complex structure moduli, including the 7-brane 
deformations and the field corresponding to the axio-dilaton. Since fluxes on the 7-branes 
induce 5-brane charge, a local limit allows to effectively match the F-theory results to a 
D5-brane in a non-compact Calabi-Yau threefold with threeform fluxes. We analyze the 
classical and instanton contributions to the F-theory superpotential using mirror sym- 
metry for Calabi-Yau fourfolds. The F-theory compactiflcations under consideration also 
admit heterotic dual descriptions and we discuss the identiflcation of the moduli in this 
non-perturbative duality. 
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1 Introduction 

The study of four- dimensional string compactifications leading to effective supergravity 
theories with M = 1 supersymmetry is crucial to connect string theory with phenomenol- 
ogy. A prominent scenario yielding such minimally supersymmetric effective theories are 
Type II string compactifications with space-time filling D-branes [H [21 El II]- At the 
present stage it remains challenging to compute the characteristic functions encoding 
the four-dimensional physics explicitly without restricting to specific limits in space of 
compactification manifolds. In part this is due to the fact that the low amount of super- 
symmetry does not significantly restrict the form of most of the couplings in the effective 
theory. The situation improves, however, if one focuses on holomorphic couplings such 
as the N = 1 superpotential and gauge-coupling function. 

The explicit computation of the M = 1 superpotential PI/ in a string compactifica- 
tion allows to infer some crucial information about the vacuum structure in the effective 
theory. In particular, in exploring the possible vacua of Type II string theory, the su- 
perpotential induced by non-trivial background fluxes has been studied intensively for 
various examples [21 13] . This task has been tractable since in this case W can be explicitly 
computed by solving the Picard-Fuchs system of differential equations which determine 
the moduli dependence of the holomorphic three-form on the Calabi-Yau manifold. The 
superpotential is then expressed in terms of period integrals of the internal Calabi-Yau 
threefold which encode the dependence on the closed string moduli, the complex struc- 
ture moduli and the complex axio-dilaton. Much less explored is the dependence of the 
superpotential on the open and closed moduli in the presence of D-branes. The D-brane 
superpotential W is generically induced by D5-brane charge [5], and hence can arise 
on D5-branes or on higher dimensional branes with gauge flux on their world-volume 
which induces D5-brane charge. Formally, the brane superpotential can be calculated 
by considering reductions of Witten's holomorphic Chern-Simons action [6]. However, 
its explicit computation is more involved and requires the study of the full open-closed 
moduli space. 

A natural generalization to evaluate the open-closed superpotential would be to find 
an extended Picard-Fuchs system for the closed and open periods. Its solutions then en- 
code the full superpotential in the vicinity of a D-brane. So far, this has not been achieved 
in generality, but only in specific D-brane settings [3 El [9l [TOl [TTl [T2] . In [131 El] it was 
proposed to use (non-compact) Calabi-Yau fourfolds to compute the D5-brane superpo- 
tential and a connection with F-theory was indicated. On the other hand, to compute 
D5-brane superpotentials, we have proposed in [13] a constructive method involving the 
blow-up of D5-brane curve in the Calabi-Yau threefold. A further alternative to the 
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above methods is studied in [16] . 

In this work we will study the computation of the open-closed superpotential for 
space-time filling seven-branes with gauge flux on the internal part of their worldvolume. 
In order to do that we use the fact that seven-branes admit a natural geometrization in 
F-theory on an elliptically fibered Calabi-Yau fourfold. Here the seven-branes wrap four- 
cycles in the base of the elliptic fibration over which the fiber degenerates. Moreover, in F- 
theory the seven-brane deformations, the complex structure deformations corresponding 
to closed Type IIB moduli, and the axio-dilaton are on the same footing. They all arise 
as complex structure deformations of the Calabi-Yau fourfold. The superpotential for 
these fields is the famous Gukov-Vafa-Witten superpotential induced by four-form fluxes 
\17\ . Hence, their appearance in the superpotential is parameterized by the holomorphic 
four-form on the Calabi-Yau fourfold and the open-closed superpotential is obtained from 
the periods of this higher-dimensional Calabi-Yau geometry. In [IB] this computation of 
the Type II open-closed superpotential has been carried out for the case of Type IIB 
orientifold compactifications on K3 x T^/Z2 with D3/D7-branes via an embedding into 
F-theory on K3 x K3. 

In order to study the F-theory superpotential W we use several powerful tools. We 
start with the construction of the mirror fourfolds which admit a small number of Kahler 
moduli and allow us to compute the classical terms in the superpotential by evaluating 
elementary topological data of the fourfold. The mirror elliptic fourfolds thus have a small 
number of complex structure moduli and we are able to compute the moduli dependence 
of the holomorphic four-form explicitly. To identify the properly normalized moduli 
directions, we also make use of the duality of F-theory and heterotic Eg x Eg string 
theory. It allows us to identify the dependence of W on the closed string moduli as 
well as heterotic bundle moduli which map to deformations of 7-branes. Moreover, in 
the local hmit the superpotential of a 7-brane with gauge flux should coincide with the 
superpotential of a D5-brane in local geometries. In the refs. [71 [8|, the authors have 
computed the superpotential for D5-branes in non-compact geometries by evaluating 
the periods and the chain integrals directly. Mirror symmetry allows one to map the 
result back to the obstruction problem in the moduli space of special Lagrangians L 
in Calabi-Yau threefolds where the superpotential in the large complex structure limit 
becomes a generating function of Gromov-Witten invariants for holomorphic disks ending 
on L. We use these invariants to identify the correct periods and we thereby determine 
the four-form flux element which corresponds to the 7-brane gauge flux. By doing so 
we effectively have embedded the deformation problem of a D5-brane into the complex 
structure deformation of a compact Calabi-Yau fourfold. 
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This work is organized as follows. In section |2] we outline the general structure of the 
flux and brane superpotential in the context of mirror symmetry which we will exploit 
in our later computations. Then we provide the required technical tools of toric geom- 
etry to realize Calabi-Yau mirror pairs as well as D-branes. In section |3] we turn to the 
discussion of the F-theory fourfold compactifications and introduce the geometric real- 
ization of seven-branes as well as the form of the flux superpotential. Then we describe 
the construction of fourfold geometries that admit a particularly rich fibration structure. 
Furthermore, we present a very brief account of the non-perturbative heterotic/F-theory 
duality exploiting the spectral cover construction. Our focus there lies on the identi- 
fication of F-theory moduli in terms of the moduli of the heterotic spectral cover and 
complex structure. 

In section m we explicitly construct mirror pairs of elliptic Calabi-Yau fourfolds. Since 
we aim to compare local Calabi-Yau threefold setups with branes with the F-theory 
compactifications, we first discuss the local geometry and its brane content for the local 
Calabi-Yau threefold 0{—3) — )• P^. Then we construct a compact threefold Is containing 
the local threefold and finally obtain the fourfold by fibering over a P^-base. Our whole 
analysis there will be guided by the F-theory interpretation of the constructed geometries, 
its seven-brane content and the comparison to the D-brane picture. We also discuss the 
heterotic/F-theory duality using the spectral cover construction in the context of the 
considered example. By doing so, we can explicitly identify the threefold Y3, the mirror 
of Y3, as the heterotic dual Calabi-Yau threefold and the open modulus as the bundle 
modulus. 

We proceed with a general analysis of mirror symmetry on fourfolds and readily apply 
the introduced concepts to our main example in section O We show that the classical 
terms of the F-theory superpotential can be fixed by computing topological data of the 
Calabi-Yau fourfold. Crucially, to fix the normalizations of the classical terms, we per- 
form a monodromy analysis for the fourfold conifold point by analytic continuation of 
the fourfold periods. As a byproduct, we discover a new conifold monodromy and show 
that the conifold periods admit an interesting leading behavior which is different from 
Calabi-Yau threefolds. In section [5] we also state our main results for the computation 
of the F-theory flux superpotential and its interpretation in terms of the flux and brane 
superpotential. We are able to deduce the form of the classical terms in the maximally 
logarithmic period at the large complex structure point. Then the computation of the 
flux superpotential relies on the identification of the threefold periods among the fourfold 
periods what is supported by the physical relevance of Y3 for heterotic/F-theory duahty. 
Furthermore, we single out the fourfold period that matches the open superpotential. Fi- 
nally, we are able to deduce appropriate G'4-flux which induces a F-theory superpotential 
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matching both the brane and flux superpotential. 

We conclude with section |6] where we provide the basic background necessary to 
understand enumerative interpretation of the brane, flux and F-theory superpotentials. 
Furthermore, in appendix|X]we summarize more detailed geometrical data of the example 
fourfold studied in the main text. Finally, in appendix [B] we study two more fourfold 
geometries with more moduli. 

2 D7-brane superpotentials and mirror symmetry 

In recent years compactifications of Type IIB string theory yielding a four-dimensional 
effective theory with M = 1 supersymmetry have been studied intensively. One promi- 
nent setup are Calabi-Yau orientifold compactifications with space-time filling D7-branes 
and 07-planes Here the extended D-branes wrap four-cycles, i.e. divisors, in the 

internal compactification space. The orientifold geometry is obtained by dividing out a 
Z2 symmetry of a compact Calabi-Yau threefold Z3. 

In order to study the vacua of such M = 1 compactifications, it is crucial to determine 
the effective four-dimensional superpotential. We will focus on the part of the superpo- 
tential which is generated by three-from fluxes F3 = (^6*2) and i^s = (^-82), where C2, B2 
are the R-R and NS-NS two-forms, as well as two-form fluxes F2 = (dA) for the fleld 
strength of the U{1) gauge-potential A on the internal part of a D7-brane. The U{1) 
flux F2 is thus an element of H'^{D,'Z), where D is the divisor in wrapped by the 
D7-brane. The respective superpotentials are given by [TTl [191 1201 H] 



where t = Cq + ie~'^ is the axio-dilaton, and ^3 is the holomorphic three-form on the 
Calabi-Yau manifold Z3. Note that W^^^ only depends on the complex structure defor- 
mations of Z3 due to the appearance of fl^, while W^j will also depend on the deformation 
moduli ( of the D7-brane. To see the latter, one notes that C5 is a flve-chain which ends 
on the divisor D, i.e. one has D C dC^, and carries the information about the embedding 
of the D7-brane into Z3. In the following we will discuss the two superpotentials (12. ip in 
more detail. 





(2.1) 
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2.1 The flux superpotential for Calabi-Yau orientifolds 

Let us first discuss the flux superpotential Waux- It can be evaluated in terms of the 
periods (X"^, Fa) of the holomorphic three-form ^3 

lyfl,. = NaX^{z) - M^'FAiz) , X^= [ Q,, Fa= [ n-s- (2.2) 

Ja^ Jba 

where (M4, N^) = {Ma — tMa, — tN^) are complex numbers with flux quantum 
numbers (M4, A^^) of F3 and (M^, iV^) of H^,. We have also introduced a symplectic 
basis (A^, Ba) of three-cycles in H^^Z^, Z). The dependence of the 2/i^'^(Z3) + 2 periods 
{X^,Fa) on the h'^'^(Z^) complex structure moduli can be evaluated by solving a 
system of partial differential equations, the Picard-Fuchs equations Ca {X^, Fb) = 0. 
Here Ca are linear differential operators in the complex structure moduli z', which can 
be determined as reviewed, for example, in |21] . 

It is important to point out that by special geometry the non-trivial information 
about the Fa periods can be encoded by a single holomorphic function, the prepotential 
F^(X^), which is homogeneous of degree two in the periods X^, such that the Fa can 
be written as Fa = dF^/dX^. 

There are only a few general observations which can be made about the flux super- 
potential VFflux, since the form of PFaux will highly depend on the point at which it is 
evaluated on the complex structure moduli space. One particularly interesting point 
is the large complex structure point which by mirror symmetry corresponds to a large 
volume compactification of Type IIA string theory. By the known monodromy of the 
NS-NS i?-field shift in the Type IIA theory one knows that the point must be of max- 
imal unipotent monodromy, which implies on the B-model side a maximal logarithmic 
degeneration of periods near this point Zi = EI] • More specifically, one can identify 
X^ oc 0{z) as the fundamental period having no logarithmic dependence on 2;*, while 
X* oc logz + 0{z), Fi (X {\ogzY + 0{z) and Fq oc {\ogz)^ + 0{z) are always logarithmic 
in the 2;*. Mirror symmetry maps the log-terms to classical large- volume contributions 
while the regular terms in the Fi encode the closed string world-sheet instantons correc- 
tions. To see this one notes that the mirror map takes the form Zi = e^'^**' + . . ., where 
= X^/X^ is the world-sheet volume complexified with the NS-NS B-field on the Type 
IIA side. The prepotential F^ encodes the classical couplings as well as the genus zero 
world-sheet instantons and takes the general form 

= -i,/C,,fc ftH'^ - i/C,, ft^ + /C,f + i/Co + 5^ nO Li3(g^) (2.3) 

/3 
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where q° = e^'^^"^^ for a vector (3 with entries Z>o. Here 

K'ijk= I JiAJjAJk, ^i3 = \ / n(ci(Jj)) A Ji , (2.4) 

are determined by the classical intersections of the mirror Calabi-Yau threefold of 
Z3. Note that by Ci{Jj) we mean the first Chern class of the divisor associated to Jj 
and = P^^i^Pj^ is the Gysin homomorphism where P^^ (Pj ) is the Poincare-duality 
map on Y {Jj) and u is the push-forward on the homology. Thus, «*(ci(Jj)) is a four- 
form. The constants n^^ are the integral Gopakuma-Vafa invariants (BPS numbers) which 
can be computed explicitly for a given example by solving the Picard-Fuchs differential 
equation. Inserting the form of the pre-potential fl2.3p into the flux superpotential fl2.2p 
with M° = one flnds 

The equation fl2.5p means that in addition to a cubic classical polynomial, also instanton 
correction terms proportional to Li2(g) = Ylk^i W induced by non- vanishing flux M*. 

2.2 The D7-brane superpotentials 

Let us now turn to the superpotential for the D7-brane. Ideally one would like to com- 
pute the functional dependence of Wm on the D7-deformations ( and complex structure 
moduli z by also evaluating a set of open-closed Picard-Fuchs equations. As we will see in 
section [3] this can be indeed achieved if one lifts the setup to an F-theory compactiflcation 
on a Calabi-Yau fourfold. One can, however, already infer some crucial property of Wm 
by applying mirror symmetry at the large complex structure/large volume point. Recall 
that under mirror symmetry, a Type IIB compactiflcation with D7-branes is mapped to 
a Type IIA compactiflcation with D6-branes. In a supersymmetric conflguration these 
D6-branes wrap special Lagrangian cycles L in the mirror Calabi-Yau space Z-^. The 
dimension of H^^L^Ij) gives precisely the number of classical deformations t of L. The 
superpotential on the mirror side is then induced by string world-sheet discs which end 
on L. 

We summarize the enumerative geometry involved in the counting problem for discs 
ending on L in more detail in section [6l Here, let us note that the superpotential induced 
by the open string world-sheets takes the form 

ly-DT = C^tH + Ci.tH^ + + ^^2{q^Ql , Q = e'"'* . (2.6) 

/3,n 
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with constants C, Cj, C^- and n° „ determined by the D-brane and Z-^ geometry, as well 
as the flux ¥2- One flnds that the full D7 superpotential contains both classical terms as 
well as instanton corrections which again has the Li2 structure as in fl2.5l) . 

While the D7-superpotential fl2.ip . f l2.6p has not been studied extensively its D5-brane 
analogue is studied in many works. Clearly, since both are induced by D5-brane charge, 
it is important to summarize some of the literature on the D5-brane superpotential. The 
most thoroughly studied cases are mirror geometries of non-compact toric Calabi-Yau 
manifolds with Harvey-Lawson type branes [3 E]. In these examples the brane super- 
potential, i.e. the chain integral, is calculated directly using a meromorphic differential 
naturally given in the mirror geometry. For compact geometries, only recently there has 
been much progress in computing the superpotential. For D5-branes which are mirror to 
D6-branes wrapping a rigid involution special Lagrangian cycle, the superpotential can 
be calculated by deriving an inhomogeneous Picard-Fuchs system and solving it [TU| ITT]. 
Extending the works [9] to compact examples, a method to derive a Picard-Fuchs system 
for open/closed moduli space is proposed using an auxiliary hypersurface [12]. In [H] it 
is proposed to compute the superpotential for toric branes by extending the polyhedron 
describing the ambient toric variety to one dimension higher polyhedron. The authors 
of [m [12] propose that the two last methods are equivalent. Unfortunately, at least up 
to now, neither of the two methods provides a constructive algorithm to tackle a given 
D5-brane conflguration, since in both formalisms one effectively has to work on an aux- 
iliary divisor and pick the correct linear combination for the D5-superpotential by hand. 
In [15] we have proposed another more constructive method to compute the superpoten- 
tial for D5-brane. Concretely, we argued that the deformation problem for a D5-brane 
in a Calabi-Yau threefold with variable complex structure is equivalent to considering 
the complex structure of a non-Calabi-Yau threefold which is canonically obtained by 
blowing up the original Calabi-Yau manifold along the curve which the D5-brane wraps. 
Work in computing explicit examples is in progress. 

2.3 Mirror symmetry with branes in toric geometry 

After giving a general overview of the superpotential and its relation to mirror symmetry, 
we now discuss the toric realization of mirror symmetry and branes [231 13 E]- At this 
point we will also introduce notions and techniques of toric geometry that are inevitable 
for the rest of this work. 
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2.3.1 Calabi-Yau manifolds as hypersurfaces 

A powerful tool to construct Calabi-Yau manifolds Yn and their mirrors y„ for an arbi- 
trary complex dimension n is by realizing them as hypersurfaces in toric ambient spaces. 
These hypersurfaces are specified by reflexive polyhedra 

For threefolds we start with IIA on a Calabi-Yau Y3 which is mirror dual to Type 
IIB on 1^3. We realize the compact Calabi-Yau as the hypersurface in a toric ambient 
variety V4 constructed from a pair of reflexive polyhedra Aj and in lattices A^, M, 
that are dual, i.e. = {Aj)*a In general, the dual polyhedron A* of a given polyhedron 
A in a lattice M is defined as the set of points p in the real span Ak = A^ (g) M of the 
dual lattice N of M such that 

Al = {pe N^\{q,p) > -1 for all q G A4}. (2.7) 

Let us assume that the combinatorics of V4 associated to the polyhedron A^^ is encoded 
in k charge vectors describing the relations among the m = + 4 vertices Vi. The 
Calabi-Yau Y3 is then given as the hypersurface {/ = 0} in V4 where / is given as the 
following polynomial [23] 

/= E «.n^?"^^' (2-8) 

in the m projective coordinates Xj of V associated to each vertex Vj. This formula 
provides a direct way to count the number of complex structure parameters dq (up to 
automorphisms of V4) by counting the integral points q G A^. Furthermore, I3 is Calabi- 
Yau since (12. 8 p contains the monomial xi . . . Xm corresponding to the origin in A^ so that 
/ is a section of the anti-canonical bundle K'^^ = 0{J2i^i)^ where Di = {xi = 0} is a 
toric divisor. 

For the case of hypersurfaces in toric varieties, (closed string) mirror symmetry [21] 
is realized in a very elegant way. The mirror threefold I3 on the Type IIB side is 
obtained by simply interchanging the roles of Aj and Aj so that (12. 8p describes I3 as 
the hypersurface in the toric variety V4 associated to the polyhedron A^, 

/= sH^S"''^^'- (2-9) 

Here, we again associated the projective coordinates Xi to each vertex Vi of A^. In- 
deed, the necessary requirements for mirror symmetry, h^'^{Ys) = h^'^iY^) and h^'^iY^) = 

^For convenience we denote quantities in Type IIA always with '~' in order to omit them for their 
mirror quantities on the Type IIB side where we wih mainly work. 
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h^'^lY^), are fulfilled for this construction. This is obvious from Batyrev's formula for the 
Hodge numbers [24j of a given n-fold Yn in a toric ambient space specified by A^^^ 

h^-'^\Yn) = h^'\Y^) (2.10) 

= /(Ar+i)-(n+2)- ^'(^)+ E mm, 

dim6=n codim9i=2 

h'^\Yr,) = h^-^^\Yr,) (2.11) 

dim6=n codim0i=2 

In this expression 9 {6) denote faces of A4 (A4), while the sum is over pairs {0i,9i) 
of dual faces. The l{6) and I' (6) count the total number of integral points of a face 
6 and the number inside the face 6, respectively. Finally, Z(A) is the total number of 
integral points in the polyhedron A. Using these formulas one notes that polyhedra 
with a small number of points will correspond to Calabi-Yau fourfolds with few Kahler 
moduli, i.e. small h^'^, and many complex structure moduli h^'^. Since h^'^ and h^'^ 
are exchanged by mirror symmetry Calabi-Yau fourfolds with small h^'^ are obtained as 
mirror manifolds of hypersurfaces specified by a small number of lattice points in the 
polyhedron. 

For the case of Calabi-Yau fourfolds (^4,^4) the complete list of model dependent 
Hodge numbers is h^'^{X4), h^'^^X^), /i^'^(X4) and /i^'^(X4), However only three of these 
are independent due to the Hirzebruch-Riemann-Roch index theorem implying [25] 

/i2'2(X4) = 2(22 + 2/i^'i(X4) + 2h^'\Xi) - h^'\Xi)) . (2.12) 

Therefore, only h?'^{X/^ has to be calculated in addition to fix the basic topological data 
of (X4,X4). Analogously to (12.101) it is readily given by the symmetric expression 

h''^\x,) = h''^\x,) = nm\e,). (2.13) 

codimSi=3 

This finally enables us to calculate the Euler number of fourfolds by 

X(X4) = x(^4) = 6(8 + h"'^ + /i^'^ - /i''^) . (2.14) 

2.3.2 Toric branes and their mirrors 

To a setup of mirror pairs (Z3, Z3) of toric Calabi-Yau hypersurfaces we want to add 
open string degrees of freedom which introduce the so-called Harvey-Lawson type branes. 
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This type of branes have been studied intensively in local toric Calabi-Yau threefolds in 
refs. [TJ [8] . Note that in these examples the toric variety itself is a non-compact Calabi- 
Yau threefold. Since we want to cover also the non-compact case we will work in the 
following with a toric space of dimension m — k denoted by Vm-k, where m — A; = 3 in 
the non-compact case, and m — = 4 in the compact case as in section 12.3. II 

The toric variety Vm-k is represented as a symplectic quotient C™//G defined first 
by imposing vanishing moment maps 

m 

J2if\xj\^ = r' (2.15) 

and second by dividing by the isometry or gauge group G = f/(l)'^ as Xj i— )■ e*^^ [26] . 
Then solving f l2.15p and using coordinates pj = \xj\'^, 9j the toric variety Kn-fc can be 
visuahzed T™-*^-fibration over a real (m — A;) -dimensional base M^-k pTf [7]. The 
degeneration loci of the T'"~'^-fibration where one or more 5*^ shrink are on the boundary 
of Mm-k which is determined by pj = or intersections thereof since pj > 0. 

In Type IIA the Harvey-Lawson type branes wrap special Langrangian cycles L which 
can be specified by r additional brane charge vectors i^"'"' restricting the and their 
angles 9i in the toric ambient variety Vm-k so that [TJ 

m r 

J2^f\x,\' = c\ e, = j2^^rUa, (2.16) 

j=l a=l 

for angular parameters (pa- To fulfill the 'special' condition of L, which is equivalent to 
^^Oi = 0, one demands l^f' = 0. 

This construction was used in non-compact Calabi-Yau threefolds = / j G for 
which the Calabi-Yau condition fj*^ = has to hold [HIS]- Then A-branes introduced 
by ( I2.16P are graphically represented as real codimension r subspaces of the toric base 
B3. The case which was considered for the non-compact examples in [H] is r = 2 where 
the non-compact three-cycle L is represented by a straight line ending on a point when 
projected onto the base B3. The generic fiber is a so that the topology of L is just 
M X 5*^ X S"^. However, upon tuning the moduli c° it is most convenient to move the La to 
the boundary of B3 where two {pj = 0}-planes intersect. Then one of the two moduli is 
frozen, and one pinches such that the topology becomes C x S*^. These D6-branes are 
mirror to non-compact D5-branes which intersect a Riemann surface at a point. Later 
on, we will use the D5-brane results of [TJ [S] in order to study the superpotential (12. ip of 
D7-branes with gauge flux F2 on compact Calabi-Yau manifolds. The gauge flux induces 
an effective D5-charge on the D7-brane and we will be able to compare the D5-brane 
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superpotential of [TJ [8] to the D7-brane superpotential with appropriate F2 in the local 
limit. 

The mirror Type IIB description [231 E] can be obtained as follows. First the mirror 
Calabi-Yau is determined by a polynomial W and n constraints given by 

^ = E%' Ilyf=^^ z = l,...,n, (2.17) 

j=0 j=0 

where the denote the complex structure moduli of Z3 that are related to the (com- 
plexified) Kahler moduli f of Y3 by = e^'^**'. We note that we introduced a further 
coordinate yo for which we also have to include a zeroth component i^^ = —Yl^=i^^j^- 
For compact threefolds is then obtained as the orbifolded hypersurface 

{W{x,) = 0}/r (2.18) 

in the mirror toric variety V4 with homogeneous coordinates Xj. These are introduced by 
a change of coordinates such that the constraints in fl2.17p are automatically solved. The 
map from i/i to Xj as well as the orbifold group F is determined by the etale map which 
is worked out for weighted projective spaces in [21], [2l]. In the non-compact case, is 
similarly 

xz = W{xi) (2.19) 
in affine coordinates x,z of C and x, G C*, respectively. 

Analogously the B-branes on holomorphic submanifolds C in Z3 are specified by 

l[y/ =^''^~'\ a = l,...,r, (2.20) 
i=o 

that can also be re-expressed in terms of the coordinates Xi. The phases e" are dual 
to the Wilson line background of the flat U(l)-connection on the special Lagrangian L 
and complexify the moduli to the open moduli C° [28]. As is clear from fl2.20p the 
B-brane is supported over a holomorphic cycle C of complex codimension r. Thus for 
the conflguration r = 2 the mirror is a D5-Brane. Other cases can be considered as well 
leading to mirrors given by D7-branes on divisors (r = 1) or D3-branes on points (r = 3). 

3 Flux superpotentials in F-theory 

F-theory provides a geometrization of A/" = 1 Type IIB backgrounds with holomorphi- 
cally varying complexifled string coupling constant r [29] . The parameter r is interpreted 
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as the complex structure modulus of a two-torus which can be fibered over the spatial 
dimensions of the Type IIB target space that is a Kahler manifold with positive curva- 
ture. The (3+l)-complex-dimensional geometry obtained this way captures non-trivial 
monodromies of r around degeneration loci of the two-torus. Precisely this provides 
a geometrization of (non-perturbative) seven-branes, which include D7-branes and 07- 
branes as special cases. In this section we discuss compactifications of F-theory to four 
space-time dimensions with a focus on the induced flux superpotential [T7] inherited from 
the M-theory description of F-theory [1]. 



3.1 Elliptic fourfolds and seven-branes in F-theory 



Let us study the four-dimensional effective M = 1 theory which arises by compactification 
of F-theory on an elliptically fibered fourfold X4 — )■ over a complex three-dimensional 
base . This corresponds to Type IIB string theory compactified on B^ with an axio- 
dilaton r = Co + ie~'^ varying holomorphically over the Kahler base Bf , i.e. one has 

F-theory on X4 = Type IIB on 5f . (3.1) 

The Weierstrass form of the elliptic fibration of X4 is given by 

y"^ = x^ + f{u)xz^ + g{u)z^ , (3.2) 

where f{u) and g{u) vary over the base B^ with coordinates u. To ensure that (13. 2p is 
well-defined, {x,y,z) are sections of {Ob, Ob, Kb) and {f,g) are sections of {K^^,K]^^), 
where Kb is the canonical bundle of the base B^ . Equation (13.21) with the defined 
scalings for the coordinates (x, y, z) implies that the generic elliptic fiber is P^(l, 2, 3) [6], 
i.e. a degree 6 hypersurface in weighted projective space P^(l, 2, 3). This will be the case 
for all examples considered in this work even if X4 becomes singular. 

As the axio-dilaton of Type IIB string theory r corresponds to the complex structure 
of the elliptic fiber, it can be specified by the value of the classical SL{2, Z) modular 
invariant j-function which is expressed through the functions / and g in (13.21) as 

jW = ^^^, A = 27/ + 4f. (3.3) 

The function j(r) admits a large Imr expansion j(r) = e"^'^*^ + 744 + 0{e'^'^^'^) from 
which we can read off the monodromy of r around a 7-brane. 

In general, the elliptic fibration will be singular over the discriminant A. It can fac- 
torize into several components which individually correspond to divisors Di in B^ which 
are wrapped by seven-branes including the well-known D7-branes and 07-planes. The 



14 



singularities of the elliptic fibration over the Di determine the gauge group on the seven- 
branes. These can be determined explicitly using generalizations of the Tate formalism 
[5U] . The weak string coupling limit of F-theory is given by Imr — )■ cxo and yields a 
consistent orientifold setup with D7-branes on a Calabi-Yau manifold [3T] . 

It is important to note that the degeneration of the elliptic fibration can be so severe 
that the Calabi-Yau fourfold X4 as given in fl3.2p becomes singular. In this case it is not 
possible to work with the singular space directly since the topological quantities such as 
the Euler characteristic and intersection numbers are not well-defined. To remedy this 
problem the singularities can be systematically blown up to obtain a smooth geometry 
[30] . In the cases considered in this paper this is done using the methods of toric geometry 
[501 1321 E3]- The resulting smooth geometry still contains the information about the 
gauge-groups on the seven-branes and allows to analyze the compactification in detail. 

In this work we will entirely focus on the complex structure sector of the Calabi- 
Yau fourfold X4. We will consider smooth spaces X4 which only admit a small number 
h^'^{X4) of complex structure deformations, but are obtained from singular elliptically 
fibered Calabi-Yau fourfolds by multiple blow-ups. This affects only the number of Kahler 
moduli, which we will not discuss in the following. In order to compare to the Type IIB 
weak coupling picture the complex structure moduli can be split into three classes 

(1) One complex modulus corresponding to the complex axio-dilaton r parametrizing 
the complex structure of the elliptic fiber. 

(2) The moduli corresponding to the deformations of the seven-branes wrapped on 
divisors on . 

(3) The complex structure moduli corresponding to the deformations of the basis and 
its double covering Calabi-Yau threefold obtained in the orientifold limit. 

3.2 The flux superpotential 

It is well-known that F-theory admits a superpotential upon switching on four-form flux 
G4. For even second Chern class of X4 this flux is integer quantizeqj G4, G H^^X^, Z) 
|34j . To determine the F-theory superpotential one uses the duality between M-theory 
and F-theory [U ES] • In an M-theory compactification on X4 one encounters the famous 
Gukov-Vafa-Witten superpotential 




(3.4) 



■^To be precise [34l we note that G4 is quantized such that [G4 — C2{X4)/2] e H'^{X4,Z). 
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where fl is the holomorphic (4, 0) form on X4. The superpotential W{z) depends on the 
complex structure deformations z of the fourfold X4. As we will discuss momentarily, 
upon imposing restrictions on the allowed fluxes G4, the superpotential fl3.4p also provides 
the correct expression for an F-theory compactification. The goal of this work is to 
explicitly compute (13 ■4p for specific elliptically fibered Calabi-Yau fourfolds. The result 
is then matched with the superpotentials (12. ip at weak string coupling such that 

[ G^An ^ [ {F,-TH,)Ans + y2 [ A ^3 , (3.5) 

where m labels all D7-branes on divisors Dm carrying two-form fluxes F™. 

Note that already by a pure counting of the flux quanta encoded by G ^/^(Ki, Z), 
as well as F^jH^ G H^{Z^,'L) and G H'^{Dm,'^) one will generically encounter a 
mismatch. This can be traced back to the fact that not all fluxes G4 are actually allowed 
in an F-theory compactification, since in the duality between M-theory on X4 and F- 
theory on X4 one of the dimensions of the elliptic fiber will become to a space-time 
dimension [1]. The simplest case with only D7-branes with abelian gauge groups is 
discussed, for example, in ref. In this situation the flux G4 is allowed to have only 
components satisfying 

J G4AuiAuj2 = , Wuji,uj2e H^'\Xi) . (3.6) 

Our examples are, however, significantly more complicated and admit D7-branes with 
rather large gauge groups. This is due to the fact that we need to analyze fourfolds X4 
with few complex structure moduli, which typically have order a thousand elements of 
H^'^lX^j. Many of the elements in H^'^lX^) will correspond to blow-ups of a singular 
elliptic fibration and signal the presence of enhanced gauge groups. Therefore, it will be 
more practical to discuss the matching of the moduli dependence encoded by the periods 
of Q on X4. 

In the next step we want to extract the moduli dependence of the F-theory super- 
potential. Here we are aiming to state some general features of the flux superpotential. 
More details on the moduli dependence of W will be presented in section [51 As in the 
threefold case (12. 2p the fourfold superpotential can be expressed through the periods of 
Q. However, in the fourfold case the variations of the (4, 0) form Q do not span the 
full cohomology H'^i^X^), but rather only a subspace Hjj^X^), known as the primary 
horizontal subspace of H'^lX^) [37J. It takes the form 

Hj,{X4, C) = H^'^ © H^'' © H^/ © H''^ © , (3.7) 

where consists of the elements in H^'^ which can be obtained as second variation 
of with respect to the complex structure on X4. The numbers /i^*'*(X4) denote the 



16 



dimension of the respective cohomologies in (13. 7p . Note that the fact that not all H^{X4) 
can be reached as variations of Q is in contrast to the Calabi-Yau threefold case. In 
the threefold case one can simply define the periods of ^3 as in (12. 2p by introducing an 
integral homology basis of H^lY^, Z). In the fourfold case, however, one has to introduce 
a basis 7a of H^{X4, Z), in order to define the periods 



n(^)'^ = / n , i = 0,...,4 , (3.8) 

where 7a for a = 1, . . . , hjj{X4) denote a graded basis of H^{X4) with grade z = 0, . . . , 4. 
Here we also introduced the dual basis 7a ^ of Hjj{Xi, Z) with pairing 

[4'^ = S'^Sa,. (3.9) 

This cohomology basis satisfies 

l^^^lV^ = ^2, (3.10) 

X4, 

7« A 7^^'^ = for i + j>4:. 

In this basis we expand the holomorphic four-form = Yli n*-*^ "7a*^ • Analogously, the 
flux quantization condition of G4 reads in this basis of integral cycles 

= X^iV^*)'^ 7« , iV«a= /" G4 , (3.11) 

where iV*^*) ° are integral flux numbers. Then in terms of these definitions the flux super- 
potential (13. 4 p can be expanded as 

W = " n(^-*) = 5^ ni^-^) , (3.12) 

i i 

with the moduli independent intersection matrix r/^*^ defined in (I3.10p . Note that as in 
the threefold case a direct definition of the integral basis 7^*"* is impossible. However, the 
existence of such a basis can be inferred by using mirror symmetry at the large complex 
structure point. In fact, as in section 1271] the periods H^*)" can be selected according 
to their leading logarithmic behavior at this point as we will discuss in more detail in 
section EJ 

3.3 Constructing elliptic fourfolds 

In the following we will discuss the construction of elliptically fibered Calabi-Yau fourfolds 
for which we want to compute the F-theory superpotential (13. 4p . Our strategy is to find 
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fourfold examples X4 which admit a small number of complex structure moduli such 
that we can evaluate the Picard-Fuchs equations determining the holomorphic four-form 
Q. Candidate examples have already been considered in refs. 125] • Moreover, we 
construct the fourfolds in such a way that they contain a local Calabi-Yau patch in 
which the effective D5-brane superpotential has been computed explicitly fH |H] . 

The Calabi-Yau fourfolds studied in this paper will be obtained as mirror dual to a 
Calabi-Yau threefold fibration over P^. Denoting by the Calabi-Yau threefold fiber 
we can write this as 

fiber — )■ total space Y3 — )■ X4 

i i . (3.13) 

base 

We will later pick Calabi-Yau threefolds Y3 which are obtained by compactifications 
of local Calabi-Yau geometries which can support Harvey-Lawson type D6-branes as 
introduced in section 12.31 The compact Calabi-Yau threefolds I3 have small numbers 
h^'^ of Kahler moduli, which is a feature inherited by X4. Moreover, since we want 
to study F-theory on the mirror X4 of X4, the Calabi-Yau threefold I3 as well as the 
fibration structure of X4 will be chosen carefully, such that X4 has an elliptic fibration. 
This is achieved, for example, by choosing elliptically fibered [44j . 

S Y3 8^X4 

I i , (3.14) 

for which X4 also admits a i^'3- fibration with a heterotic dual on 1^3. Here £ is the generic 
elliptic fiber and and are the two-dimensional and three-dimensional base spaces 
of the fibrations, respectively. As we will show for the explicit examples, £ = P^(l, 2, 3) [6] 
is the generic elliptic fiber shared by Y3 and X4. 

To detect these fibration structures of a given mirror pair of Calabi-Yau fourfolds 
(X4, X4) and in order to understand our construction more thoroughly it turns out to 
be sufficient to study the toric data in the corresponding reflexive polyhedra (A^^^, Ax^) 
without computing the intersection numbers [3S]. In fact, in our examples of spaces X4 
used in (13. ip the intersection numbers will be hard to compute because of their huge 
number of Kahler moduli. In the following we will recall the general theorem of ref. [3S] 
and later, in section HI apply it to our main example. 

Suppose (X4,X4) are given as hypersurfaces in the toric varieties constructed from 
the reflexive pair (A^, A^) in the pair of dual lattices (M, X). The statement of [39] 
gives two equivalent conditions for the existence of a Calabi-Yau fibration structure of 
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the given fourfold X4 once in terms of and another time in terms of its dual A^. 
Assume there exists a (n — A;)-dimensional lattice hyperplane in through the origin 
such that := HCiA^ is a fc-dimensional reflexive polyhedron. Then this is equivalent 
with the existence of a projection P to a fc-dimensional sublattice of M such that PAf 
is a fc-dimensional reflexive polyhedron which is the dual of Af . If these conditions 
are satisfied, then the Calabi-Yau manifold X4 which is obtained as a hypersurface of 
A^ has a Calabi-Yau fibration whose {k — l)-dimensional fiber Fk_i is given by Af . 
The crucial point of these two equivalent criteria is that we can turn things around and 
analyze X4 by not looking at hyperplanes H in the complicated polyhedron A^, but 
at projections P in A^ which is simple by construction. In both cases the base of the 
fibration can be found by considering the quotient polyhedron A^ /A^ [33]. Here this 
quotient polyhedron is obtained by first determining the quotient lattice in M D A^ by 
dividing out the lattice generated by the integral points of Af . Then the integral points 
of A^/Af are the equivalence classes of integral points in A^ in this quotient lattice. 
Schematically the analysis of the fibration structure can be summarized as 



Fibration structure 



X4 admits 
CYm-i - fiber fm-i 



X4 admits 
CYk-i - fiber F^-i 



(Af,X4) 



A^' 



Injection 

Af 



Projection 



PAf 



(Af,X4) 



Projection 
Af 



PAf 



Injection 

Af = n Af 



(3.15) 



where the arrow '-H-' indicates the action of mirror symmetry interchanging projection 
and injection. Clearly, this analysis can be also used to determine Calabi-Yau fibers fm-i 
of the mirror X4. In general, it is not the case that mirror symmetry preserves fibration 
structures. However, in the constructions which we will analyze in the section |U we will 
find that both X4 and X4 admit an intriguingly rich fibration structure 



3.4 Heterotic/F-theory duality 

In section 13.31 we have presented a construction of X4 as the mirror of a fibration of the 
Calabi-Yau manifold Y3 over P^. Specifically, we are interested in considering F-theory 
on the elliptic fourfold X4. If X4 also admits a K3 fibration, one can fiberwise apply the 
duahty of F-theory on K3 with heterotic Eg x Eg strings on [291 iOl ill ST] . For the 
four- dimensional compactification this implies that F-theory on X4 is dual to the heterotic 
string on [12] |33]. The gauge theory on the seven-branes arises either perturbatively 
from the ten-dimensional Eg x Eg or through non-perturbative effects in the heterotic 
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string. In particular, the perturbative gauge group is encoded by two bundles Vi and V2 
which encode the breaking of Eg x Eg to smaller gauge groups. 



We are interested in the map of the complex structure moduli of X4 to heterotic 
moduli. One first notes that the complex structure moduli of are identified with 
complex structure moduli of X4 under duality. In fact, one expects that the heterotic 
flux superpotential 

W^het= [ ^3A^]3 , (3.16) 

with H3 being the threeform flux background of the heterotic B-field, is mapped to a part 
of the F-theory flux superpotential. For the concrete examples considered in the rest of 

(i) 

this paper we will show, that there indeed exist periods Ha of the holomorphic fourform 
Q of X4 which are identified with the threefold periods of ^3 on 1^3. This provides an 
explicit map from the F-theory to the heterotic setup. 

A second set of heterotic moduli which are mapped to the complex structure moduli 
of X4 is a subset of the bundle moduli of Vi, V2. To make this more precise one notes 
that one can specify certain non-trivial bundles on an elliptically fibered 13 — )■ B2 by a 
spectral cover construction [35]. One first defines a fiat bundle V\t2 on the elliptic fiber 

and fibers these data over Bj- Let us focus on 5'f/(A^)-bundles in the following. Such 
bundles can be specified by N line bundles on T^, or, in the dual picture, N points on 
the dual torus [H]. Fibering these N points over B2 one obtains a divisor in 1^3 that is 
an X-fold cover of B2, called the spectral cover. Concretely, for a Calabi-Yau threefold 
Y3 of the Weierstrass form 

PQ = y^ + x^ + fxz'^ + gz^ (3.17) 
the data of the N points on each elliptic fiber are specified by solutions to |35l 



= h,z- + hxz--^ + hyz--^ + . . . + I llll[l_,y, , (3.18) 

where one distinguishes the cases N even and N odd. The bi are sections of a line bundle 
on BJ- In general, they depend on moduli fields Zi which encode the deformations of the 
spectral cover and, hence, the bundle t/E 

In the duality between the heterotic string on (5^3,Vi,V2) and F-theory on X4 the 
moduli Zi of the spectral cover are also mapped to complex structure moduli of X4. This 
identification was made precise in ref. [HI US] HZ]. Roughly speaking, for an SU{N) x 
SU{M) bundle on the heterotic side, the dual F-theory fourfold is given locally by the 
constraint of the form [H] 

jl = Po + vp+ + v^^p^ = , (3.19) 



*In general, there can be also Wilson line moduli. These are, however, absent for our examples. 
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where Po = specifies the threefold as in f l3.17p . p+ = specifies an SU(N) bundle Vi 
as in fl3.18p . and p_ specifies an SU{M) bundle V2. The coordinate v is the coordinate 
on the P^-basis in the i^3-fibers. For our concrete examples we will show that the open 
string moduli of the seven-branes in F-theory are precisely mapped to the coefficients 
of the spectral cover Switching on four- form fluxes G4 in F-theory generates a 
superpotential for these fields which we will determine explicitly. 

4 Elliptically fibered Calabi-Yau fourfold mirror pairs 

The computation of the F-theory superpotential (13.41) will be done for a class of Calabi- 
Yau fourfolds X4 that we will introduce here. Our strategy in constructing a fourfold 
X4 with a low number of complex structure moduli is to construct its mirror X4 as a 
Calabi-Yau threefold fibration Y3 over a P^-base. The threefolds Y3 we are interested 
in are themselves elliptically fibered and admit a local limit yielding the non-compact 
geometries 0{K) — )■ B2 studied in [8] where mirror symmetry with branes was analyzed 
in detail. This fact will be exploited when we analyze the seven-brane content of the 
F-theory setup X4 and later on determine the F-theory flux superpotential which we 
split into flux and brane superpotential as in fl3.5p . 

Due to this chain of geometries it is natural to introduce the three geometries sepa- 
rately, where we will throughout our whole presentation focus on one concrete example 
for simplicity. We first summarize in section 14.11 the local geometry 0{K) — )■ B2 for 
the example of B2 = P^ with D5-branes on its mirror geometry given by the Riemann 
surface S of [8] . This non-compact geometry has both one complex structure modulus as 
well as one brane modulus of the D5-brane. Then we consider the threefold obtained 
by compactifying this geometry in section 14.21 We will put emphasis on the singularities 
of the elliptic fibration of Y3 and its interpretation when going back from Y3 to the lo- 
cal geometry. One of the two complex structure moduli of I3 is fixed in the local limit 
whereas the second one appears as a parameter of one component of the discriminant 
of the elliptic fibration of ^3. Finally in section 14.31 we will construct the fourfold X4 
and its mirror X4 used for our four-dimensional F-theory compactification. There we 
will analyze the seven-brane content in detail. We will find that among the four complex 
structure moduli of X4 one matches the complex structure of S of the non-compact ge- 
ometry and a second one introduces a brane modulus. Here the crucial point will be the 
geometrical interpretation of the appearance of this new modulus in F-theory opposed 
to the naive expectation from perturbative JIB with branes on Y3. 
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4.1 The non-compact Calabi-Yau geometry with D-branes 

In the following we will discuss the local Calabi-Yau geometries in which the explicit 
computations of open and closed BPS numbers can be performed for the example of 
local P^, i.e. 0{—3) — )■ P^. Then we will consider the elliptically fibered Calabi-Yau 
threefold in the weighted projective space P'^(l, 1, 1, 6, 9) that contains the non-compact 
geometry in the limit of large elliptic fiber. 

In [8] the non-compact 0{—3) — )■ P^ geometry with non-compact Harvey-Lawson 
branes was considered. The local Calabi-Yau is defined as the toric variety V3 character- 
ized by the polyhedron 
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where the superscript ^ denotes the two-dimensional basis P^ and the Xi denote homo- 
geneous coordinates. The D-term constraint for this geometry reads 

- 3|Xop + + IX2I' + = (4.2) 

and V3 can be viewed as a (S'^)^-fibration over a three-dimensional base B3. The degen- 
eration loci of the fiber, \Xi\ = 0, are shown in figure [TJ The brane is defined torically 
by the brane charge vectors 

= (1,0,-1,0) , £(2) = (1,0,0,-1). (4.3) 

This leads to the two constraints 

\Xo\' - \X,\' = c\ |Xop-|X3p = c^ (4.4) 

where the c° denote the open string moduli. The brane geometry is C x S*^ and can be 
described by a one dimensional half line in the three real dimensional toric base geometry 
B3 ending on a line where two of the three C*-fibers degenerate. The A-brane has two 
inequivalent brane phases I and II as indicated in Figure [T]§ 

Mirror Symmetry for this geometry was analyzed in [8] where the disk instantons of 
the A-model were calculated exploiting the fact that the mirror geometry of 0{—3) — t- P^ 
effectively reduces to the Riemann surface S defined by W{xi,X2) = of fl2.19p . The 

'"^Note that our phase II is precisely phase III of 0. The phase II of 8 has been omitted since it is 
equivalent to phase I by symmetry of . 
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Figure 1: Toric base and Harvey-Lawson Lagrangians for non-compact P 



D6-brane is mapped under mirror symmetry to a D5-brane which intersects E in a point. 
It will be this D5-brane picture which can be reformulated as a seven-brane with flux 
and embedded into an F-theory compactification. 



4.2 The compact elliptic Calabi-Yau threefold 



This local Calabi-Yau can easily be embedded into a compact Calabi-Yau threefold. 
The compactification can be understood as a replacement of the non-compact C-fiber 
corresponding to Vi of 0{—3) — )■ by an elliptic fiber. Here we choose the generic fiber 
to be the elliptic curve in P^(l,2,3) which we fiber over the P^-basis the same way as 
the non-compact C-fiber before. Thus, the polyhedron of this compact threefold Y3, its 
charge vectors, the homogeneous coordinates Xi as well as the corresponding monomials 
for the mirror geometry Y3, cf. f l4.7p . are given by 
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(4.5) 



Here the points fi,f2,f3 carry the information of the elliptic fiber where we added the 
inner point f 1 in order to recover the P^(l, 2, 3), in particular its homogeneous coordinate 
Xi with weight one under the new C*-action Furthermore, applying the insights of 
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fl3.15p . the elliptic fibration structure of ^3 is obvious from the fact, that the polyhedron 
of P^(l,2,3) occurs in the hyperplane H = {(0,0, a, 6)}, but also as a projection P on 
the (3-4)-plane indicating an elliptic fibration of the mirror Y^, too|§ 

The polyhedron f l4.5p corresponds to the degree 18 hypersurface in the weighted pro- 
jective space P^(l,l,l,6,9) blown up along the singular curve X2 = X3 = X4 = with 
exceptional divisor Vi. Its Euler number is x = —540 whereas h^'^ = 2, /i^'^ = 272. De- 
noting the toric divisors = by Di, the two Kahler classes Ji = D2 and J2 = 3D2 + D1 
correspond to the Mori vectors i^^'^ and f*-^-* in (14. 5p . They represent a curve in the hyper- 
plane class of the base and a curve in the elliptic fiber, respectively. The intersections 
of the dual divisors and the second Chern class are respectively computed to b^ 



Co = 9J| + 3J| Ji + 
C2 = 102 J2 + 36 Ji . 



(4.6) 



In this notation the coefficients of the top intersection ring Cq are the cubic intersection 
numbers Ji fl Jj fl Jk, while the coefficients of C2 are [c2(T^)] H Ji. 

Mirror symmetry for this example has been studied in [2T| B8]. In order to construct 
the mirror pair (Y3, Y3) as well as their constraints (12. 8p . (12. 9 p we need the dual polyhedron 
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(4.7) 



where again the basis was indicated by a superscript ^. Again we added the inner point 
Vl to recover the polyhedron of P^(l,2,3) as the injection with H = {0,0, a, 6}, thus 
confirming the elliptic fibration of the mirror Y^. Here we distinguish between the two- 
dimensional basis B2 = P^ and the elliptic fiber by denoting the homogeneous coordi- 
nates of P^(l, 2, 3) by {z, X, y) and of B2 by (mi, U2, u^). The elliptic fibration structure 
refiects in particular in the constraint of Y^ which takes a Weierstrass form 

Po = cteZ/^ + 0'^^'^ + aoZxyuiU2Us + z^^a^ul^ + a^u^ + aiu\u2u\ + a2U^) = - 



(4. 



^Besides the above chosen (2,3), which leads to an ehiptic fibration with one section, the values 
(1,2) and (1,1) are also admissible in the sense that these choices lead to reflexive polyhedra. The 
corresponding elliptic fibration has two and three sections, respectively. 

^In performing these toric computations we have used the Maple package Schubert. 
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The generic fiber can be seen by setting the coordinates Ui of the basis to some 
reference point, such that po takes the form of a degree six hypersurface in P^(l,2,3). 
The basis itself is obtained as the section z = of the elhptic fibration over Bj. 

The complex structure dependence of Y3 is evident from the dependence of Pq on the 
parameters which are coordinates on P^. However, they redundantly parameterize 
the complex structure of Y due to the symmetries of P^(l, 1, 1, 6, 9). Indeed there is a 
(C*)^/ (C*)^ rescaling symmetry of the coordinates that enables us to eliminate four of the 
Oj recovering the two complex structure parameters that match h^'^iY^) = h'^'^iYs) = 2. 
The appropriate coordinates Zi obeying 2;, = at the large complex structure/large 
volume point are completely determined by the phase of the A-model, i.e. the choice of 
charge vectors of A^. They are given in general by 



n 

j=0 



(4.9) 



which we readily apply for the situation at hand to obtain 

Q.2Q.3Q.4 
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Thus, we can use the (C*)"^ action and the overall scaling to set a, 
five parameters to obtain 



1, t 



(4.10) 
, 6 for 



Po = y'^ + + zxyrrii + z^uiq 



(4.11) 



where we have abbreviated 
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Alternatively, this result can be obtained more directly by the mirror construction 02.171) . 
In this case one needs the following assignment of coordinates tji to points of and 
monomials 







ao zxyuiU2U^\ 




V\ 


ai z^ufu^u^ 


y2 


v\ 


a2 z^uf 


ys 


v\ 


as z^uf 


1/4 


v\ 


04 z^ulf' 


1/5 


V2 




\yG 


V3 


a-ey"^ J 



(4.13) 



This defines the etale-map that solves the constraints of (I2.17P automatically when (I4.10p 



holds. By setting oq 



1/6-1/18 



-1/3 



and a,- = 1, i 



6 we solve fOOj) 



and W = J2j yj immediately reproduces po in (14. lip . 
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Next we show that (14. lip indeed gives back the local geometry which is a conic over a 
genus one Riemann surface. The local limit in the A-model geometry is given by making 
the elliptic fiber infinitely large. This corresponds to ^2 ~^ in the B-model geometry. 
We parameterize Z2hj e = Z2 such that the local limit is given by £ — )■ 0. At the end we 
should obtain an affine equation, thus, using the two C*-action we set the coordinates z 
and U3 to one. By redefining the coordinates x and y as follows 

y ^ + kl^^ , X ^ + kl^\ (4.14) 

the hypersurface equation Po = becomes 

Po = ^po + kl + kl + me = (4.15) 

where we set ^ = 1 and = 1. Now we split the above equation 

Po = e , kl + kl + me = -l. (4.16) 

If we now take the e — )■ limit we obtain after appropriately redefining the ki the equation 
for the local geometry of the form 

uv = H(x, y) = X + 1 — (f) h y. (4-17) 

y 

The Riemann surface defined by H{x, y) = is isomorphic to the surface niQ = up to 
isogeny. 

As discussed in section [37il considering heterotic string theory on the elliptically fibered 
Calabi-Yau threefold Y3 is expected to be dual to F-theory on X4 if the fourfold admits 
a K3 fibration and its mirror is constructed as in fl3.13p [13]. We have shown that is 
indeed an elliptic fibration, and will confirm in the next section that is a K3 fibration. 
However, it is crucial to point out that there will be a large non-perturbative gauge group 
from the blown- up singularities of the elliptic fibration of Y3. Upon introducing the full 
set of coordinates, i.e. introducing the inner points in A^, one notes that the elliptic 
fibration not only degenerates over the curves mg = and 432m6 + = in the base 
of Y3, but also over many curves described by the additional coordinates. Even though 
the determination of the non-perturbative gauge group will be not of importance in our 
analysis, let us point out that we will similarly find a large gauge group in the F-theory 
compactification on X4. However, the identification of the moduli of the gauge bundles 
with the complex structure moduli of X4 can still be performed by extracting the spectral 
cover constraint f l3.19p . 

Before continuing with the construction of the Calabi-Yau fourfold, let us close with 
another comment on the use of the vectors and given in ( 14. 3p . On the compact 
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threefold they translate to 

= (0, 1, 0, -1, 0, 0, 0) , = (0, 1, 0, 0, -1, 0, 0) , (4.18) 

due to the new origin in the polyhedron ( 14. 5p . In fact, applying (I2.20p and using ( I4.13p . 
they define the divisors 

z'^'^^ululul = zml^ , z~^^\lulul = Z2ul^ , (4.19) 

in the compact Y3. Here we introduced the moduli Za corresponding to the charge vector 
Note that in our F-theory compactification of the next section we will not consider 
seven-branes naively wrapped on these divisors as one would in a compactification of 
Type IIB on Calabi-Yau orientifolds. Rather we will construct a Calabi-Yau fourfold 
with 7-branes on its discriminant which possess additional moduli. These additional 
fields correspond to either zi or Z2 and allow deformations of the seven-brane constraint 
by the additional terms fl4.19p . Hence, Zi can be interpreted as deformations of the 
seven-brane divisors in X4, or as spectral cover moduli in the heterotic dual. 



4.3 Construction of the elliptically fibered Calabi-Yau fourfold 

Having discussed the threefold geometry, we are now in the position to construct and 
analyze the elliptically fibered Calabi-Yau fourfold X4 which is used in the F-theory 
compactification. Again, we start by constructing the mirror X4 first. It is obtained 
by fibering the Calabi-Yau threefold Y3 over a such that one of the D-brane vectors 
of the local model f l4.ip appears as a new charge vector. As we will see later on, 
this new charge vector dictates the location of the moving seven-brane, while the second 
vector not used in the construction of the fourfold controls the volume of the P^-basis 
of the dual fourfold X4 in fIS.lSp . We will discuss the flux in more detail later on, but 
first proceed with the geometric construction. In the following we will exemplify our 
construction for a main example in detail, and we list the toric and geometrical data 
necessary to reproduce our results. Further examples are relegated to appendix [Bl 

The Calabi-Yau fourfolds (X4, X4) are realized as hypersurfaces in a toric ambient 
space described by a dual pair of reflexive polyhedra (A^, A^). The reflexive polyhedron 
A^ for a fibration of the toric variety constructed from Aj over P^ is specified as follows 
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(4.20) 
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By construction, one finds by intersecting the hyperplane H = {pi,P2,P3,P4,0) with 
A^. Following f l3.15p this indeed identifies X4 as a Is-fibration, and by performing the 
quotient /Aj the base is readily shown to be the toric variety ((—1), (1)), i.e. a P^. 
It is crucial to note that the additional points which do not lie on H are constrained 
by two important conditions. Firstly, they are chosen of a form such that the mirror 
X4 is elliptically fibered. This means, that using the projection to the third and fourth 
coordinate one finds the polyhedron of a torus in P^(l,2,3) just as in the threefold 
case in section 14.11 The fact that X4 is also elliptically fibered is not crucial in the 
construction. In particular, a similar construction can also be performed for the quintic 
hypersurface fibered over a P^, since the mirror quintic admits an elliptic fibration with 
generic elliptic fiber being a torus in P^. Secondly, the remaining entries are inserted such 
that one charge vector for the Calabi-Yau fourfold is of the form — , — , — ). Adding 
this vector to form a higher- dimensional non-refiexive polyhedron was already proposed 
in [131 Ell! 

In the following we will choose to realize the open string vector £^^^ as in fl4.20p to 
construct the P^-fibration|§ The Calabi-Yau fourfold X4 is realized in the toric space 
described by the polyhedron A^. Its topological numbers are computed to be 

h^'^ = 2796 , h^'^ = 4 , /i^.i ^ g , h^'^ = 11244 , x = 16848 . (4.21) 

Here we first used fITTU]) . fim]) as well as f ETT^ and next applied f ETT^ . fim]) . 

Note that A^ has three triangulations, which correspond to non-singular Calabi-Yau 
phases which are connected by fiop transitions. In the following we will consider two of 
these phases in detail. These phases will match the two brane phases in figure [1] in the 
local Calabi-Yau threefold geometry. 

To summarize the topological data of the Calabi-Yau fourfold for the two phases of 



^Note that the interpretation of the construction in terms of the B-modcl in [131 IE] seems different 
from the F-theory interpretation given here. 

^We could have used also reproducing the same local D5-brane limit. In this case specifies 
the gauge flux inducing the D5-brane charge on the D7-brane. 
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interest, we specify the generators of the Mori cone ly and 47 for 2 = 1,... 4. 
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The charge vectors are best identified in the phase II. Here i}/ and ijj are the extensions 
of the threefold charge vectors i^'^'' in (14. 5 p to the fourfold. The brane vector i^^^ 
is visible in phases II as a subvector of if. The remaining vector if arises since one 
had to complete the polyhedron such that it becomes reflexive implying that X4 is a 

Calabi-Yau manifold. It represents the curve of the P^-basis of X4. Phase I is related to 

(3) 

phase II by a flop transition of the curve associated to i) . Hence, in phase I the brane 

(3) 

vector is identified with —i) . Furthermore, after the flop transition one has to take 

if = -if , if = if + if , if = if + if , if = if + if . (4.23) 

Note that the if and if are chosen in such a way, that they parameterize the Mori cone 
of X4. The dual Kahler cone generators for phase I are then given by 

Ji = D2, J2 = D^ + 2D2 + D^ + 2D9 , J3 = ^3 + ^9, Ja = D^, (4.24) 

where Di := {x, = 0} are the nine toric divisors associated to the points which differ 
from the origin. In phase II one has 

Jl = D2, J2 = Di+ 2D2 + D3 + 2Dg , J3 = ^1 + 3^2 + 2Dg, J4 = Dg . (4.25) 

The Ji provide a distinguished integral basis of H^'^{X4) since in the expansion of the 
Kahler form J in terms of the Ji all coefficients will be positive when parameterizing 
physical volumes of cycles in X4. The Ji are also canonically used as a basis in which 
one determines the topological data of X4. The complete set of topological data of X4 
including the intersection ring as well as the non-trivial Chern classes are summarized in 
appendix El 

The polyhedron has only few Kahler classes which makes it possible to identify 
part of the fibration structures from the intersection numbers. However, an analogous 
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analysis is not possible for the mirror manifold X4 since the dual polyhedron has 
2796 Kahler classes. Therefore, we apply the methods reviewed in section IX^ in analyzing 
both X4 and X4. As already mentioned above, intersected with the two hyperplanes 

Hi = (0,0,P3,P4,0) , H2 = (pi,P2,P3,P4,0). (4.26) 

gives two reflexive polyhedra corresponding to the generic torus fiber and the generic 
three-dimensional Calabi-Yau fiber Y3. The fibration structures of the mirror Calabi- 
Yau X4 is studied by identifying appropriate projections to A|, C A^ . Three relevant 
projections Pi are 

Pl{p) = {P3,P4) , P2{p) = (Pl,P2,P3,P4) , Psip) = (P3,P4,P5) , (4.27) 

where p = (pi, . . . ,^5) are the columns in the polyhedron A^. Invoking the theorem of 
section 13. 3[ we see from Pi that X4 is also elliptically fibered and since the polyhedron of 
P^(l, 2, 3) is self-dual, the fibration is of P^(l, 2, 3) type. In addition, it is clear from P2 
that X4 is Calabi-Yau threefold fibered. The fiber threefold is Y^, the mirror to Y3. The 
fact, that the threefold fibers of X4 and X4 are mirror manifolds is special to this example 
since the subpolyhedra obtained by H2 and P2 are identical. Finally, note that X4 is K3 
fibered as inferred from the projection P3. This ensures the existence of a heterotic dual 
theory by fiberwise applying the duality of F-theory on K3 to heterotic strings on T^. 
Replacing the K3-fiber by an elliptic fiber we find the Calabi-Yau threefold I3. 

The hypersurface constraint for X4 depends on the four complex structure moduli z^. 
This dependence is already captured by only introducing 12 out of the many coordinates 
needed to specify a non-singular X4. This subset of points in A^ is given by 
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(4.28) 



where we have omitted the origin. Note that we have displayed in (14.281) the vertices 
of A^ and added the inner points v\ and V2 to list all points necessary to identify 
the polyhedron A|^ with vertices (14. 7p in the hyperplane orthogonal to (0, 0, 0, 0, 1) and 
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thus the Calabi-Yau fibration with fiber Kj. The base of this fibration is given by the 
points labeled by a superscript ^. Note that (0,0,1,1,0) is also needed to observe the 
elliptic fibration. The base of the elliptic fibration is obtained by performing the quotient 
^basc _ ^(^p-^^^y which amounts to simply dropping the third and fourth entry in 
the points of A^. Additionally, one can also see the elliptic fibration directly on the 
defining polynomial fi of X4 which can be written in a Weierstrass form. Indeed if we 
apply (12. 9p for the points displayed in (I4.28P of and all points p of A^ that are not 
on codimension one faces we obtain a hypersurface of the fornix 

fl = aey'^ + a^x"^ + fhi{xj, Ui)xyz + fhe{xj, Ui)z^ = . (4.29) 

Here the homogeneous coordinates on the base of the elliptic fibration, while x, 

y, and z are the homogeneous coordinates of the P^(l,2,3) fiber. The polynomials rhi 
and rfiQ are given by 

mi{Xj,Ui) = aoUiU2U3XiX2X3X4X5X6 , (4.30) 

+ululul {aixlxlxlxlxlxl + a^xfxfxf + a^x]^xfxf) , (4.31) 

where the denote coefficients encoding the complex structure deformations of X4. 
However, since h^''^{X^ = h^'^{X4) = 4 there are only four complex structure parameters 
rendering six of the redundant. It is also straightforward to compare rhi,mQ for the 
fourfold with the corresponding threefold data in (14. lip and (I4.12p . 

For the different phases we can identify the complex structure moduli in the hyper- 
surface constraint by using the charge vectors in (I4.22p . For phase I one finds 

2 3 

I _ 0,20-40,7 I _ oia^OQ J _ a^og J _ 0709 

Zl — K , Z2 — ^ , ^3 — , ^4 — , [4:.OZ) 

ajag Oq OiOj aio^ 

while for the phase II one finds in accord with (14.230 that 

^1 — ^1^3 ? ^2 — ^2^3 ' ^3 ~ (^3) ' ^4 — ^4^3 • (4.33) 

In order to compare to the threefold Y3 we chose the gauge Oi = 1, i = 2, ... ,6 and 
os = I, such that 

It is straightforward to find the expression for phase I by inserting (14.331) into this ex- 
pression for Oo, Oi and ay, ag. 



The polynomial y, can be easily brought to the standard Weierstrass form by completing the square 
^rhixz and x = x — j^i 



and the cube, i.e. y — y + ^friixz and x = x — j^rh\z^. 
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Having determined the defining equations for tfie Calabi-Yau fourfolds it is straigfit- 
forward to evaluate tlie discriminant A(X4) of the elhptic fibration. Using f l3.3p for a 
fourfold in the Weierstrass form f l3.2p we find that 

A(X4) = -m6(432m6 + ml) . (4.35) 

We conclude that there will be seven-branes on the divisors mg = and 432m6 + = 
in the base . The key observation is that in addition to a moduli independent part 
mg the full rfiQ is shifted as 

friQ = rrig + ai{uiU2UsXiX2XsXiX5XQY + ayul^ xf^ xl^ xlx^ + agufululxl^ xl^ xl^ . (4.36) 

The moduli dependent part is best interpreted in the phase II with 01,07 and Og given 
in f l4.34p . In fact, when setting the fourth modulus to 2;" = 0, one notes that the 
deformation of the seven-brane locus mg = is precisely parameterized by zf. By setting 
Xi = 1 one fixes a point in the base of X4 viewed as fibration with fiber 1^3. One is then 
in the position to compare the shift in (14.361) with the first constraint in (I4.19p finding 
agreement if one identifies Zi = ^3(2;")^/^. In the next section we will show that the open 
string BPS numbers of the local model with D5-branes of section 14.11 are recovered in 
the ^3 direction. The shift of the naive open modulus Zi by the closed complex structure 
modulus zf fits nicely with a similar redefinition made for the local models in ref. [8]. 
This leaves us with the interpretation that indeed Z3 deforms the seven-brane locus and 
corresponds to an open string modulus in the local picture. As we will show in the next 
section, a -dependent superpotential is induced upon switching on fluxes on the seven- 
brane. It can be computed explicitly and matched with the local results for D5-branes 
for an appropriate choice of flux. 

A second interpretation of the shifts (I4.36P by the monomials proportional to zf, zf 
is via the heterotic dual theory on Y3 and the spectral cover construction discussed in 
section 13. 4[ To see this, we bring /i into the form (I3.19P by an appropriate coordinate 
redefinition. Setting v = XiX^xlx2^, ui = U1X1X2, U2 = U2X3, U3 = U3X4, and picking the 
local patch x^ = Xq = 1 one rewrites (14.290 as 

fj' = Po + vp+ + v~^p_ , (4.37) 

where po{y, x, z, Ui, U2, U3) = is the threefold constraint (14. 8 p of Y3, and 

= (ayul^ + asutulut)z^ , P- = ag-u^M^M^/ . (4.38) 

Hence, in the local mirror limit in which p_ ^ |44j, it is natural to interpret the modulus 
2^3 as a bundle modulus of Vi = SU(1) in the heterotic dual theory, i.e. as a deformation 
of the spectral cover as in (13.190 . One might be surprised that an SU(l)-bundle carries 
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any bundle moduli due to the trivial structure group. Indeed the adequate physical 
interpretation of this configuration is in terms of heterotic five-branes as discussed in 
detail in [36j . 

Finally, as a side remark, let us note again that fl4.35p with fl4.30p and f l4.3ip is not 
the full answer for the discriminant since we have set many of the blow-up coordinates 
to unity. However, one can use the toric methods of [301 1321 133] to determine the full 
minimal gauge group in the absence of flux to be 

Gx, = Ef X Ff X Gf^ X Sf/(2)2™ . (4.39) 

Groups of such large rank are typical for elliptically flbered Calabi-Yau geometries with 
many Kahler moduli corresponding to blow-ups of singular flbers [33]. 

5 Mirror symmetry for Calabi-Yau fourfolds 

In this section we will describe mirror symmetry on fourfolds. In its weak formulation it 
states the equivalence of the complex structure moduli space of X and the (instanton cor- 
rected) Kahler moduli space of its mirror X. As was pointed out in [19] this equivalence 
can be formulated in physical terms by considering topological fleld theories called the A- 
and B-model on the spaces (X,X). These theories are consistent cohomological trunca- 
tions of some particular (2, 2) superconformal fleld theories and their physical observables 
are the vertical subspace of the de Rham groups ifP'P(X), < p < n and the horizontal 
subspace of Hp{X, /\^TX), p + q = n, respectively. In particular their marginal defor- 
mations coincide with the cohomology groups H^'^{X) for the A- model and H^{X,TX) 
for the B-model that are, in geometrical terms, precisely the inflnitesimal directions on 
the Kahler and complex structure moduli space of X and X, respectively. Therefore, 
the physical statement of mirror symmetry is the equivalence of the A-model constructed 
from X and the B-model constructed from X. 

Our flnal goal is the calculation of special holomorphic quantities F^{'~f) for the Calabi- 
Yau fourfolds. They are identifled with the holomorphic superpotentials of A/" = 1 ef- 
fective actions and at the same time they are generating functions of the genus zero 
Gromov-Witten invariants of the fourfold. In certain cases of special interest they can be 
further interpreted as generating functions of disk instantons in a dual type IIA theory. 
The (covariant) double derivatives of the ^''(7), w.r.t. to the moduli ta are three-point 
correlators C^Jj^'^''^\ Their leading behaviour is flxed in the A-model by the classical in- 
tersection of two divisors with an element of Hi{X). In this sense -F°(7) is similar to 
the familiar prepotential of Calabi-Yau threefolds (12. 3p whose triple derivative yields 
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in the A-model a three-point function whose leading behaviour is fixed by the classical 
intersection between three divisors. 

In order to understand the F^{'~f) one needs to study more fundamental quantities, 
namely the two- and three-point correlation functions of the topological A- and B-model. 
They encode all other correlators of these topological theories. 

As described in section EH] the operators representing elements of Hp{X, /\'^ TX) to- 
gether with their two-point and three-point correlators, given by period integrals, form 
the B-model operator ring. In the large radius limit the A-model is defined by another 
ring, namely the vertical part of the classical cohomology ring H*'*{X). Its two- and 
three-point correlators are simply given by the classical intersections. Away from the 
large radius point the notion of the classical intersection rings has to be extended to the 
quantum cohomology ring in which the three-point correlators are corrected by holomor- 
phic instantons. 

All these rings with two- and three-point correlators mentioned above carry a natural 
Frobenius structure, which we describe in section 15. 2[ Mirror symmetry identifies the 
quantum cohomology ring of the A-model with the B-model ring. For the precise identi- 
fication one has to specify matching points in the moduli spaces. The natural candidate 
for our present purposes is the large radius point in the Kahler moduli space of the A- 
model, which is identified with a point of maximal unipotent monodromy in the complex 
structure moduli space of the B-model. As described in section 15.31 the matching makes 
use of the mirror map, properties of the Picard-Fuchs system near the point of maximal 
unipotent monodromy and the classical intersection ring of X. The precise matching 
is necessary for the enumerative predictions of the A-model and the construction of a 
basis of the horizontal cohomology of if^'^(X), which is needed to identify the fiux. It is 
crucial for this analysis to identify the integral basis of cohomology. One important step 
in this context is to determine the classical terms in the leading logarithmic period by 
means of analytic continuation to other points on the fourfold complex structure moduli 
space and a monodromy discussion. 

After presenting the general formalism we discuss the relevant application to the case 
of elliptic Calabi-Yau fourfolds. In particular we will argue how the techniques and results 
of the first part help us finding the F-theory interpretation of the prepotentials -F°(7). 
These are precisely the quantities that we will identify with the fiux superpotential (13.41) 
and we will furthermore understand its relation to the Type IIB superpotentials (13. 5p . 
We will exemplify this rather general analysis for our main example containing local 
introduced in the last sections. 

Since our discussion can at several points be generalized to arbitrary complex dimen- 
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sional Calabi-Yau n-folds |37] we denote a mirror pair of Calabi-Yau folds by (X„, X„) 
and identify with the fourfold case by putting n = 4. 

5.1 States and correlation function of the B-model 

In the B-model one considers a family of n-folds fibered over the complex structure 
moduli space M, X, ^ M. The state£l in the B-model are elements i?^"''* of the 
cohomology groups H^{Xz, fx' T). Their cubic forms are defined as 

B!f\ B^^) = [ A B^^^ A fif )) A n , (5.1) 

Jx 

and vanish unless i + j + k = n. Here f2 is the unique holomorphic (n, 0)-form and 
VL{B'i^ A bI^^ a Bi^^) is the contraction of the n upper indices of b'^^ A A G 
H"{Xz, /\^ TXz) with Q, which produces an anti-holomorphic (O,n)-form on X^. Note 
that this is just the isomorphism W{Xz, TXz) = H'^^^''^{Xz) obtained by contraction 
with the holomorphic (n, 0)-form Q. We denote the image of 5f in H''-''%Xz) by 
fcW = ^{bI"^) and the mvers (Qby^f = {b^^f. Now we can define the hermitian metric 

G(i?«,5«)= / 6«A6«. (5.2) 
Jx 

We consider only states Ba^ for which the image ba'' is in the horizontal subspace 
H^~-''^{Xz) and assume that the ba^ form a basis of this space. For B^''^ G H^{Xz,TXz) 
the image spans all of H'"~^'^{Xz) and (15. 2p is the Weil-Petersson metric on Ai. 

The integrals (15. ip and (15. 2p are calculable by period integrals of the holomorphic 
n-form Q. It is very hard to integrate the periods directly. They encode however the 
variations of Hodge structure of the family Xz — ?■ Ai, which are reflected by the Picard- 
Fuchs differential equations on Ai. The periods are therefore determined as solutions of 
the latter up to linear combination. The precise identification as addressed in section 15.31 
is an important problem, as it determines the superpotential ( 13. 4p of our F-theory setup. 

For a given base point z = ZQin the complex structure moduli space A4 with fiber X^g, 
one fixes a graded topological basis 7!^^ of the primary horizontal subspace H^{Xzq, Z). 
Here a = 1, . . . , /i^"^'^ labels the basis for fixed p = 0, . . . ,n of each graded piece 
H"-~P'P(Xz). These forms can be chosen to satisfy (I3.10p in additioij^. Later on in section 

^^We use in the following the same symbol for states and operators. 

i^The inversion is just the contraction (6^'^)*^^ = f^f^"'"'"""*'""'''" (^fe^)ai...Q„_i&i...fci such that (n)^ = 
1. Formally it is the multiplication with the inverse of the Kahler line bundle C — (fl), see e.g. jSOl . 
-•^^The generalization from fourfolds to n-folds is the obvious one. 
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Dimension 


1 








1 


Basis of 
Hf,{X,Z) 


-(0) 
Pao 






7^^ 


-(4) 
7a,/ 



Table 5.1: Topological 7 and moduli-dependent (3 basis of Hjj{X,Z) 



15.31 we will identify this grading by p with the natural grading on the observables of the 
A-model which are given by the vertical subspaces Hy^{X) of the mirror cohomology. 

Note that the -jj^^ basis serves as a local frame of the vector bundle 'H^(X) — over 
the moduli space whose fiber at the point 2; G is H''^{Xz). However, the individual 
H'^'"'~'f {X z) form no holomorphic vector bundles over Ai since holomorphic and anti- 
holomorphic coordinates are mixed under a change of complex structure z. Only the 
horizontal parts of = (Bp^qH'^~^'^{Xz) form holomorphic vector bundles for which we 
introduce frames /3a^^ specified by the basis expansion 

/3f = 7f + En^'^'^l'^- (5-3) 

p>k 

In special coordinates at the point of maximal unipotent monodromy this can be 
written as = n,/3i^^ = 9afi, ...}, cf. (EH). We note that for this basis choice 

we fixed the overall normalization of each /Ja'^^ such that the coefficient of 7!^^^ is unity. 
This is needed to obtain the right inhomogeneous flat coordinates on A4 and to make 
contact with enumerative predictions for the A-model, see section 15. 3[ For grade k = 
it corresponds to the familiar gauge choice of Q in mirror applications to threefolds, see 
(15. 6p . We also introduce a basis of integral homology cycles 'j!^^ dual to 7!^^ as in (13. 9p . 
Then, by construction of the basis (15. 3p . the period matrix P defined by period integrals 
takes an upper triangular form in this basis, 

p > k , 

p = k, (5.4) 

p < k , 

where {p,k) is the bi-grade of the non-trivial periods n^^''^^". Since T'i^'' are topological 
and thus are locally constant on A^, the moduli dependence of (15. 3p is captured by 
the moduli dependence of the period matrix P = P{z). For Calabi-Yau fourfolds we 
summarize the basis choices and the periods in Table 15.11 The (n, 0)-form Q can always 
be expanded over the topological basis of H^{X,'Z) as 

^^ni^,0)a .(p) ^ (5.5) 



P 



(p) 



(fc) 




(p,fc) a 
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where we introduced a simplified notation 11*^^)'^ for tlie periods n^^'"''" of the holomor- 
phic n-form aheady given in fl3.8p . For an arbitrarily normalized n-form Q, the periods 
X'^) = (n(°) \ n(i)'') with a = 1, . . . , at the fixed reference point Zq form 

for all Calabi-Yau n-folds homogeneous projective coordinates of the complex moduli 
space Ai. The choice of inhomogeneous coordinates set by 

X"- f (1) ^ 



(5.6) 



which agrees with the basis choice in f lS.Sp . corresponds to a gauge in the Kahler line 
bundle {Vt). At the point of maximal unipotent monodromy X° and X° are distinguished 
by their monodromy, as X" is holomorphic and single-valued and X" ~ log(2;) has mon- 
odromy X"" I— !■ X"" + 1. Below the in (I5.6P are identified with the complexified Kahler 
parameters of the mirror X. 

The t"- defined in fl5.6p are flat coordinates for the Gauss-Manin connection Vq, 
i.e. the latter becomes just the ordinary differential This can be seen from the 

gauge choice reflecting in the basis (15. 3 p combined with the Griffiths transversality con- 
straint Wa{,F^) C F^+^/F^ which together imply [37] Vat* = i.e Va = da- In these 
coordinates the three-point coupling becomes 



X 



This triple coupling is a particularly important example of (15. ip . Here we use (I5.3|5.4p 
and the fact that (4^^)^ A (/3f can be replaced by (Va/3f [37] under the integral 
(15. ip to obtain (15. 7p . Furthermore, one can show from the properties of the Frobenius 
algebra that all other triple couplings in (15. ip can be expressed in terms of (15.70 . see 
section 15.21 

The holomorphic topological two-point couplings of (I3.10p in this basis trivially read 



X 



since only the lowest 7^^^ for p = k m. the upper-triangular basis transformation (15.30 
contributes to the integral due to the second property of (13.100 . In particular rj'^^^ is 
moduli independent. From the above it is easy to see the basis expansion at grade k + 

OaPb - ^abc V(n-k-l)Pd ' l^-^J 

where r)^^^ is the inverse of rj^^ . 

Let us finish this section with some comments on general properties of the periods 
and their implications on the Af = 1 effective action. The period integrals (15.40 obey 
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differential and algebraic relations, which are different from the special geometry relations 
of Calabi-Yau threefold periods. They have however exactly the same origin namely the 
Griffiths transversality constraints flAdi-^ . . . dif^Q = for k < n. However since aAb = 
(— A a for a, b real n-forms one has additional algebraic relations from J^Q AQ = 
between the periods II^p)" for n even like n = A, which are absent for n odd, in particular 
the threefold case. M = 2 compactifications of type 11 on Calabi-Yau threefolds to four 
dimensions inherit the structure induced by the above differential relations in the vector 
moduli space. In fact such a structure is, up to minor generalizations, generic to A/" = 2 
supergravity theories and known as special Kahler geometry. For J\f — 1 supergravity 
theories in 4d there is generically no special structure beyond Kahler geometry. 



5.2 The Probenius Algebras 



As was mentioned above the B-model operators form a Frobenius algebra. Since also the 
A-model classical cohomology operators as well as its quantum cohomology operators 
form such an algebra it is worthwhile to describe the general structure before discussing 
the precise matching in the next section. 

A Frobenius algebra has the following structures. It is a graded vector space A = 
©,ti^^'^ with = C equipped with a non-degenerate symmetric bilinear form rj and 
a cubic form 

. ^CO ^ j^U) ^ j[(k) _^ c , (5.10) 
i,j,k > and the following properties: 

(Fl) Degree: C*^*'-^'*^^ = unless i + j + k = n 

(F2) Unit: 0^^'^ = ry« 

(F3) Nondegeneracy: C^^'*'-'^ is non- degenerate in the second slot 

(F4) Symmetry: C^^'f''^^ = ^^{adf^^ under any permutation of the indices. 

A««nnlnf-hH1-v- /^(*'-?Vn-«-i)„P9 ^i{i+j),k,{n-i-j-k)) _ ^{i,k,n-i~k) qp ^{i+k,j,n-i-j-k) 

l^^OJ Associativity. 0„bp ^7(„_i_j)<--ge/ - Oaeg 

where the sum over common indices is over a basis of the corresponding spaces. 



The product 




defines now the Frobenius algebra for a basis of elements of .4.^*^ which is easily 
seen using (F4) to be commutative. Note that the associativity implies that n-point 
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correlators can be factorized in various ways in the three-point functions. Also the three- 
point correlators are not independent and by associativity, non- degeneracy and symmetry 
it can be showE0 that all three-correlators can be expressed in terms of the (7(i'nn--»--i) 
correlators defined in (15.71) 

It is easy to see that the 5^*^ operators of the B-model with the correlators defined 
by (15.11) or equivalently (15. 7p and (15. 8 p fulfill the axioms of a Frobenius algebra. 

Let us consider the A-model operators. As already mentioned such an operator cor- 
responds to an element in the vertical subspace Hy*{X). It is generated by the Kahler 
forms Ji, i = 1, . . . , h^'^{X) and naturally graded, 

^ip) ^ a^,-,^.j^^ A . . . A J,^ G H^'^X) . (5.12) 
For the classical A-model the correlation functions are simply the intersections 

C^t'''^ = CiA^Ai^^AO'^) = i A A Af^ . (5.13) 

Jx 

They vanish unless i + j + k = n. The topological metric is similarly defined by 

vlS= [ Ai'^AAt"-'^ (5.14) 



Jx 

and together with (I5.13P this defines a Frobenius algebra. Clearly the A^j^^ are not freely 
generated by the Jj. The products Jj^ A . . . A Jj^ are set to zero if their pairings (15.141) with 
all other cohomology elements vanish. This is easily calculated using toric techniques and 
reflects geometrical properties of X like for instance fibration structures. 

The classical intersections are extended using mirror symmetry to the quantum co- 
homological intersection^^] 

C(A«4^'^4^)) = + instanton corrections , (5.15) 



where the instanton corrections are from holomorphic curves with meeting conditions 
on the homology cycles dual to the A^j^\ They are such that the correlator vanishes 
again unless i + j + k = n. Note that the C{Aa^ A^^^ Ai^^) depend via the instantons on 
the complexified Kahler parameters of X, while rj^^f^ = A^a^ A is still purely 

topological. There are no instanton corrections present because in the moduli space 
for the two-pointed sphere not all zero modes are saturated due to the one remaining 
conformal Killing field on the sphere. 



^*See [25] for an explicit inductive proof. 

""^^We denote the both the operators of the classical algebra and the operators of quantum cohomology 



algebra by Ajf 



39 



5.3 Matching of the A-model and B-model Probenius algebra 



We now describe the matching of the B-model Frobenius algebra with the A model quan- 
tum Frobenius algebra. At the large radius point of the Kahler structure, the correlation 
functions of the classical A-model can be calculated using toric intersection theory. We 
will match this information with the leading logarithmic behaviour of the periods at the 
corresponding point in the complex structure moduli space, the point of large complex 
structure, which is characterized by its maximal logarithmic degeneration, which leads 
to a maximal unipotent monodromy. 

Let us now discuss the Picard-Fuchs differential operators associated to the mirror 
Calabi-Yau X at the large complex structure point. Since we are dealing throughout our 
paper with mirror pairs (X4, X4) that are given torically, the derivation of the Picard- 
Fuchs operators simplifies significantly, since they are completely encoded by the toric 
data. To the Mori cone generators i^""^ on the A-model side one associates the canonical 
GKZ-system of differential operators on the B-model side 

--n 3' - n 3 ' . 

where the derivative is taken with respect to the coefficients of monomials in the con- 
straint / = defining X. By the methods described in |21] we obtain linear Picard-Fuchs 



operators Ca {0_, z_) , which are written in terms of the logarithmic derivatives 9a = Za 
with respect to the canonical complex variables Za that vanish at the large complex struc- 
ture point defined by f l4.9p . We extract the leading 6 piece of the differential operators 
as the formal limit C^'^iO) = lim2^_i.o Ci{9, z), i = 1, . . . ,r and consider the algebraic ring 

n = C[9]/iJ = {c'r, • • • , 4'"}) ■ (5.17) 

This ring is graded by the degree k in 6 and we denote the ring at grade k by TZ^^'^ whose 
number of elements is given 

by h^-k ki^) = hk.ki^) for A; = 0, . . . , n. We note that for 
k = 0,l,n — l,n there is no difference between the vertical (horizontal) homology and 
the full homology groups. Let us explain in more detail how this ring connects the A- 
and the B-model structure at large radius: 

(A) The construction of the ring is up to normalization equivalent to the calcula- 
tion of the intersection numbers of the A-model. In particular the n-point in- 
tersections appear as coefficients of the up to a normalization unique top ring 
element 7^'-"^ = X]ii<...<i . Ci,,...Ajh ■ ■ ■ ^in and similar the 7^(^) are generated by 

,ik,jl,---jn-k ~ 



^i'^ = E.,<...<., <-'''0,, ...e,„a = l,..., hl,{X), where a^-^^n,,, 
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(B) The ring is in one-to-one correspondence to the solutions to the Picard-Fuchs 
equations at large radius. As discussed before the solutions are characterized by 
their monodromies around this point, i.e. they are graded by their leading logarith- 



mic structure. To a given ring element T^C^)*^ 
we associate a solution of the form 



n^k)'' = Xo{z) + c(iog(2)i°i-^) 



with leading logarithmic piece of order k 

1 



E 

\a\=k 



<log"Hzi)...log"'^(z,) 



(5.18) 



(5.19) 



by assigning rh'^{Y[i '^i^-) = ""^a- particular we map the unique element 1 of TZ^'^^ 
to the unique holomorphic solution Xo{z_) = l + 0{z). The above map follows from 
the fact that all £g™ in the ideal must annihilate the leading logarithmic terms 
for n'^'^)" to be a solution which yields the same conditions as for T?.'-*'^ to be normal 
to J in (15171) . 



The two facts (A) and (B) imply mirror symmetry at the level of the classical couplings 
and can be proven for toric hypersurfaces by matching the toric intersection calculation 
with the toric derivation of the Picard-Fuchs operators as it was argued in the threefold 
case ^51j. The identification 

9i ^ Ji (5.20) 

provides a map between 7^1'^'' and the classical A-model operators A^a^ defined in (15.121) . 
This provides also the matching of the A- and B-model Frobenius structures at the large 
radius limit by identifying the periods of Q and the solutions of the Picard-Fuchs system 
in the following way. To a given element TZ^^ we can associate an A-model operator A^t^ 
by the replacement f l5.20p and wedging of the Jj. Similarly we can construct the dual 
B-model operators in F'' by applying the elements of the ring TZ'^''^ as differentials 
in the Zi to the holomorphic form Q. We obtain the map 

Uo = 7^i^)^^Uo. (5.21) 
This determines the Frobenius algebra of the B-model completely. However, to relate 

(k) 

the two- and three-point functions to the period integrals of the /3a along the lines of 
section Ism we have to specify the topological basis 7a^^ in terms of the A-model operator 
as well. First we select a basis of solutions ]l^^'>°'{z) of the Picard-Fuchs system with 
leading logarithm L^'^^'^ that is dual to the A^a'^ at large radius, i.e. 

= 5^ , (5.22) 
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in the limit Zi ^ [38]. Then, the 7a are fixed by setting the periods n^'^'^ = n(^)"(z) 
in the expansion fl53|l of = n('=)"(z)7i''^ that provides a map between the L'^'^^" and 
T'i*''' . With these definitions the requirements (15. 4 p on the upper triangular basis Z?!^'' are 
trivially fulfilled since = 7^[''^fi = ni^\u^'^^ "^i^^ + . . .) ^ 7^^ + . . . where the dots 
indicate forms 7!^^^ at grade k > q with higher logarithms. 

Let us exploit this matching by e.g. considering the B-model coupling C^abc'" We 
obtain in (15.71) for fourfolds that 

C!l\'''' = 5.^nf' = 9,.9,.n(^)^,g) =: 9,.9,.F-°(7) , (5.23) 

where a,b = 1, . . . , h^'^ and 7 = 1,..., /i|^2- Here we used the upper triangular form (15.31) 
of /Ja'^^ and the intersection properties (I3.10p of the 7^ for the first equality. Then we 
replaced = /3a^^ for general dimension n as follows from (15. 9p and property (F2) 

in fiat coordinates. If we now let Zi ^ and use the fiat coordinates (15.61) . which are 
given by (15.181) as f ~ log(zi) + hoi. — )■ log(zi), we see that in this limit the classical 
intersection C'^^^'^''^^ of (15.130 are reproduced. Once the matching is established in this 
large radius limit we can define the full quantum cohomological Frobenius structure by 
(I5.23P in the coordinates (15. 6p . The latter can be viewed as the classical topological 
intersections deformed by instanton corrections. 

For the case at hand the intersections are obtained from the second derivative of 
the holomorphic quantities -^"(7) that were introduced in (15.231) for each basis element 
I3!y^\ 7 = l,.../i^^(X4). These are the analogues of the holomorphic prepotential F 
familiar from the threefold case and they are obtained in the general discussion of section 
[6] from the generating functional (16. 4p for k = 1. The relation (I5.23P tells us that 
we obtain them simply from the Picard-Fuchs equation as double-logarithmic solutions, 
that we will identify below. However as mentioned above the identification using the ring 
structure fixes the solutions of the Picard-Fuchs system so far only up to normalizations. 
The normalization of the unique holomorphic solution is determined by the fact that the 
leading term in Xo{z) = 1 + 0{z) has to be one. Also the dual period can be uniquely 
normalized by the classical n-point intersections. The single logarithmic solutions are 
normalized to reproduce the effect of a shift of the NS-background field B on f = 
J^{B + ioj), where C is a generator of H2{X,7j) and u is the Kahler form. The shift 
is then f — f + 1. This corresponds to the monodromy around Zi = and implies 
according to (15. 6p that = 1 for |a| = 1 in (I5.18P . 

All further t-dependent quantities are restricted further by the monodromy of the 
period vector H of the holomorphic (4, 0)-form, H = (n(°), H^^)*, H^^)*, n^^)*, n^^))^ around 

""^^We note that the terms 6°^, a° are irrelevant for the quantum cohomology, but important for the 
large radius limit of the superpotential p.4p . 
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Zi = 0. Let E be the matrix representing the intersection K = J^Q A Q = riEII^ 
Using fl5.5[ I3.10p it is easy to see that the anti-diagonal of S is given by the blocks 
(1, {t]^^^)'^ ,r]^'^\r]^^\l). The monodromies act by 11 — )■ Mjll, where Mi is a (h^ x hf) 
matrix. The monodromy invariance of K and 7i^^ G HjjiX^, Z) implies 

M^EMi = S (5.24) 

with Mi an integer matrix. Using the monodromy at other points in the moduli space 
and analytic continuation, one can fix all a priori undetermined constants in the solutions 
to the Picard-Fuchs system. 

However, this is tedious and useful information about some of the irrational constants 
that appear e.g. in the leading logarithmic solution follow from the Frobenius method [511 
[52] . By this method the leading logarithmic solution can be obtained by applying the 
operator D^'^^ = -^[^^i^K^hhhudp^^dp^^dp^^dp^^ on the fundamental solution 

^o(^,p) = $^c(n,p)z^+/^ (5.25) 

n 

with 



r(-E.^^°^K + p.) + i 
n.r(E.t^K + p.) + i) 

and setting p = 0. The general leading logarithmic solution, i.e. with all possible admix- 
tures of lower logarithmic solutions, for X° = cdo(^)|p=o reads 



]-[(4) ^ j^O(^i_ j^,,^^^i^j^k^i ^ i_^,,^^i^j^k ^ + ^if + ao) , (5.27) 

where as in the threefold case ICijki is the classical top intersection. It was observed 
in [51j for the threefold case that the Frobenius method reproduces some of the topo- 
logical constants in (12. Sp . In particular /^^ C2 A Jj = -^lCijkdp.dp^c{^, p) p=Q and jy^ C3 = 
3!C(3) ^ijkdp^ dp^ dp^ c(0, p) p=Q , where we write q for the i-th Chern class of the Calabi-Yau 
manifold. If we generalize these to fourfolds, we get 

f 3 1 

j__ -cl + C4 = -^^^}C^Jkl^p^^p^^p^^p^ciO, p)p=o . (5.28) 

These constants are expected to appear as coefficients of the lower order logarithmic 
solutions in f l5.27p . Similar as in the threefold case one can also use the induced K- 
theory charge formula |53l |5l] in combination with central charge formula with A being 
the bundle on the brane wrapping X4 

g-n = -/" e"^ch(A)y^td(X4) = Z{A) (5.29) 

J X4 
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and mirror symmetry to obtain information about the subleading logarithmic terms in 
the periods. 



Let us apply a more direct argument and use properties of the simplest Calabi-Yau 
fourfold, the sextic in P^. The mirror has the Picard-Fuchs equation (see e.g. |55] ) 

5 

- 6zY[iQ0 + k) . (5.30) 

k=l 

We can easily construct solutions at z = using the Frobenius method, but let us first 
give a different basis of logarithmic solutions namely 

n. = ^E(^)M^)VK-), (5.31) 

where 

X° = So = 1 + 720z + 748440^2 + . . . , si = 6246^ + 7199442^^ + . . . ^ 
S2 = 201602 + 327001536^2 + . . . , 33 = -60480^ - 111585600^^ + . . . 
S4 = -2734663680^2- 5779792682496023 + ... . (5.32) 

The point is that under the mirror map one obtains 11^ = ^'^ + 0{q), so that these 
solutions correspond to the leading volume term of branes of real dimension 2k. The 
"conifold" locus of the sextic is at A = 1 — 6^z = 0. Near that point the Picard-Fuchs 
equation has the indicials (0, 1,2,3, |). It is easy to construct solutions and we choose 
a basis in which the solution to indicial G Z has the next power z'^. The only unique 
solution is the one with the branch cut 

.3 17 . 5 551 .7 , , 

1/ = A2 + — A2 + A2 + . . . . (5.33) 

18 648 ^ ' 

The situation at the universal conifold is crucial for mirror symmetry in various 
dimensions n. At this point the non-trivial monodromy is between a cycle of topology 
T" that corresponds to the solution X^, i.e. the zero-dimensional brane in the A-model, 
which is uniquely defined at z = 0, and a cycle of topology S" that corresponds to the 
solution n^"\ i.e. the top dimensional brane in the A-model. The topological intersection 
between these cycles is 1 and their classes in the homology are the fiber and the base 
of the SYZ-fibration respectively p8]. In odd dimensional Calabi-Yau manifolds the 

conifold monodromy acts on the vector Ilred = (n*-"\Xo)"^ as M2X2 = ^ ^ ^ "^^^^ 

corresponds to the Lefschetz formula with vanishing n^"-*, i.e. the quantum volume of X 
vanishes. 
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In four dimensions we have a monodromy of order two and the only way to write 
an integral idempotent monodromy compatible with the intersection fl5.24p is M2X2 = 

1 

1 

by the conifold monodromy in even dimensions. 



. It is noticeable that the zero- and the highest dimensional brane get exchanged 



This implies that X° = rj — cv ancOn^^^ = rj+cv. Here r/ is a combination of solutions 
at A = without branch cut. We can determine the latter by analytic continuation of 

to the conifold. While the precise combination is easily obtained, the only constant 
that matters below is c, which turns out to be c = i Now we can determine the 
combination which corresponds to the correct integral choice of the geometric period 
n(4) as 

n(^) = 2cz/ + X° (5.34) 

from the uniquely defined periods z/) at z = and A = 0. The analytic continuation 
oi V to z = Q fits nicely with our expectation from above and fixes most of the numerical 
coefficients in (15.271) universally 

«o = I , (5.35) 



24(27ri) 



and 



C(3) f C(2) f - /" 

ai = - / CgAJj, = / CsAJiAJj, aijk = c i^{ci{Ji))AJjAJk, 

(5.36) 

where as before q = Ci{Tx^ and ci(Ji) is the first Chern class of the divisor associated 
to Ji which is mapped to a four-form via the Gysin homomorphism z^, of the embedding 
map of this divisor into X4. This is the generalization of (12. 4 p to the case of Calabi-Yau 
fourfolds. To be precise, the coefficients aijk are not fixed by the sextic example, because 
it turns out to be zero in this case, and the canonical choice of 11*^^) (I5.34p . This does 
not mean that it is absent in general. Rather it implies that it is physically irrelevant 
for the sextic because the divisibility of the correctly normalised solution, which is cubic 
in the logarithms, allows an integral symplectic choice of the periods in which this term 
can be set to zero. This might not be in general the case and other hypersurface in 
weighted projective space indicate that c = 1. It is similarly possible to use the orbifold 
monodromy to fix the exact integral choice of the other periods. The principal form of 
the terms should again follow from the Frobenius method. 

We conclude with some remarks about the enumerative geometry of the prepotentials 
F°(7) of (I5.23p . As in the threefold case there is an enumerative geometry or counting 



^^The sign is chosen so that the term in II'^'^-' comes out with positive sign. 
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interpretation of mirror symmetry in higher dimensions for the A- model [55]. The results 
and formulas necessary for our analysis are summarized in section E] to which we refer at 
several points. As will be discussed there, the flux 7 is necessary to reduce to a counting 
of curves with the prepotential -^(7) as a generating function, cf. (16. 4p . The prepotential 
furthermore has a Li2-structure and it is now possible to calculate the genus zero BPS 
invariants n^l'j) of section |6] for a suitable basis of Hy'^{X4) and /3 in H2{X,Z). 

5.4 Application to elliptic fourfolds 

For the matching of the flux and brane superpotentials (12. ip from the perspective of F- 
theory, we use the following strategy. We identify the periods of the threefold fiber Y3 of 
X4 among the fourfold periods. This implies a matching of all instanton numbers as well 
as the classical terms on the mirror I3. Furthermore we explicitly identify fourfold periods 
that reproduce the physics of branes on the local geometry of Is discussed in section 
14. H namely all disk instantons calculated in This is equivalent to the statement 
that we calculate the superpotential (12. 6p and the D7-brane superpotential (12.61) for 
a specific brane flux from the fourfold perspective of F-theory where the closed BPS 
states of the fourfold are encoded in {'-/). We explicitly show that there is an element 
7 G if^'^(M) such that the enumerative geometry on the threefold mirror pair (Y^jY^) 
with and without Harvey-Lawson branes is reproduced. The results presented below are 
of further importance for the discussion of the F-theory/heterotic string duality in section 
13. 4[ where the space ^3 is promoted to the background geometry of the heterotic string. 

Here we will discuss the geometry X4 introduced in section 1473) and refer to appendix 
iBl for further examples. The Calabi-Yau geometry at hand has four complex moduli. We 
find that the moduli dependence of the fourfold periods is determined by a complete set of 
six Picard-Fuchs operators which are linear differential operators a = 1, . . . , 6 of order 
(3, 2, 2, 2, 3, 2), that can be obtained from the C* symmetries of period integrals associated 
to the charge vectors if\if\if\i\^\if^ + if\£f^ + by the methods described in 
[2T] . We use logarithmic derivatives 9a = Za-^ in the canonical complex variables [21] and 
write down only the leading piece of the differential equations = limz^^o Ca{9a, Za), 
a = 1, . . . , 4. E.g. for the case at hand we have 

jC^^ = 6'J(^^3 — 6^1 — 614), = 92{d2 — 201 — 9^ — 94), £3™ = {9i — 93){93 — 94), 

£4™ = 94{9i — 9^ + 94), £5™ =91(94 — 93), £g™ =94(91 — 93). 

(5.37) 

For the complete Picard-Fuchs equations as well as the cohomology basis we extract from 
them we refer to appendix Rl 

Applying (I5.17p it is easy to see that the there are (1, 4, 6, 4, 1) generators of the ring 
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TZ of degree 0, . . . , 4, which are 



1 



6*2, 03, ^4, 

0!, (^1 + ^3)^4, (^1 + ^3)^3, (^1 + 2^2)^2, (^2 + ^4)^2, (^2 + ^3)^2 

(^^3 + 0,) {9f + e^9, + ^^i) , 02 {91 + 3^^2^^3 + S^i + (^2 + ^3)) , 
O2 [Oi {02 + ^4) + ^4 (^3 + 3^2) + O2 {63 + 662)) , 62 {ef + 26162 + A6I) 



6^(6162 + 36i6l + 961 + 6^ + + 626I) 
+62 (46^1 + 15^^203 + 4^2^! + 01 + 61 {262 + ^3) + Oi {llOl + 4^2^^3 + ^3)) • 

(5.38) 

These can be associated to solutions of the Picard-Fuchs equations and to a choice of basis 
elements of the Chow ring as explained in section [5^ At grade k = 2 the leading solutions 
]L,(*:)c* of the Picard-Fuchs system (lA.Sp which are normalized to obey T^.L'^^L^'^^^ = 6^ are 
then given by 

L(2) 1 = 12^ 2 = 1/, (/^ + , L(2) 3 = i/3 (/^ + , 

L(2) 4 = (3/1 - 2 (/3 + /4 - ^2)) , 5 = 1 /2 (-2/i + + 6/4 - ^3) , 

L(2) 6 = (-2/1 + /2 + 6/3 - h) , (5.39) 

where we used the abbreviation log(zfc) = Ik and omitted the prefactor Xq. In comparison 
to the complete solutions n*^^)" of the Picard-Fuchs equations we omitted terms of order 
0{l) as in (15.181) and (15.191) . Since we are calculating the holomorphic potentials -^(7) 
of (I5.23P and the corresponding BPS-invariants we have to change the basis of solutions 
such that to any operator TZa in (I5.38P we associate a solution with leading logarithm 
determined by the classical intersection C°j^^'^'^^ of (I5.13p . 

L(2) = IXoCm, . (5.40) 

From the above classical intersection data in TZ'^^^ we obtain the leading terms ■* which 
are related to the leading periods L^^^ ° of the four- form in (15.390 by L^^ = IL^'^^^r]^^. 

As in the discussion after eq. (I5.2ip the choice of periods n^^^" with leading terms 
j^{2) a corresponds to a particular choice of a basis of Hy'^{X). In fact, by construction 
one finds 

7f = ni'M^=o . (5.41) 

However, this choice of basis for Hy^{X) is not necessarily a basis of integral cohomology. 
An integral basis can, however, be determined by an appropriate basis change. We first 
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note that the Kahler generator J4 can be identified as the class of the Calabi-Yau threefold 
fiber ^3 (see appendix Rl for more details on this identification). Moreover, one finds the 
identification of the fourfold Kahler generators Ji with the threefold generators JkiXz) as 

Ji + h ^ Jim , J2 ^ , (5.42) 



by comparing the coefficient of J4 in the intersection form CoiX^), given in flA.2p . with 



the threefold intersections ^0(13) in (14. 6p . A subset of the basis elements of the fourfold 
integral basis are now naturally induced from the threefold integral basis. In order to do 
this one identifies the threefold periods diFy^, with derivatives in the directions ^1(^3) 
and 72(1^), with an appropriate linear combination of the fourfold periods n*^^^" [38]. In 
other words one determines a new basis 7^^ such that 

5.^y3=^°(7r)U=o = nf)|,,=o. (5.43) 

In this matching both the classical part of the periods as well as the threefold BPS 
invariants ^^^,^2 fourfold BPS invariants ndj^^d2,di,o{'y) have to match in the large 
P^-base limit. 

The match (I5.43P is most easily performed by first comparing the classical parts of 
the periods. In fact, using the classical intersections of Y3 in (14. 6 p one deduces that the 
leading parts of the threefold periods are 

UiY-s) = \X,h{2h + 3/2) L2(r3) = \X^{h + 3/2)' , (5.44) 

where U = log Zi correspond to the two threefold directions JkiXs) in (15. 42 p . Using (I5.42p 
and (I5.43P one then finds the appropriately normalized leading fourfold periods 

) = iXo/2 (2/1 + 3/2 + 2/3) ^ = |Xo (/i + 3/2 + ■ (5.45) 

A direct computation also shows that the threefold BPS invariants din(i^ (i2 and fourfold 
BPS invariants ^^1,^2,^1,0(74) niatch in the large P^-base limit, such that (I5.43P is estab- 
lished on the classical as well as quantum level. This match fixes corresponding integral 
basis elements of Hy'^i^X^) as follows. First we determine those two ring elements 'R!'a\ 

a = 2, 5, such that we obtain (I5.45P from them using (15.400 . We complete them to a 

~ (2) 

new basis of ring elements TZa by choosing 

nf^ = el , = \e, {e^ + ^3) , t^P = |^^3 (^^i + e^) , 
nf = \Q2 {^h - 2 (^3 + ^4 - ^2)) , 1if = 'j02 {-26, + 02 + 66, - e,) , 

n'i^ = ^62 i-29i + 02 + 603 - 9,) . (5.46) 
These operators fix the two integral basis elements 

4'^ = n?^nu=o , 7f = n'i^^z=o • (5.47) 
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which reproduce the corresponding part of the flux superpotential (12 .Sp on for iVj = 
when turning on four-form flux on X4 in these directions, 

IVfl,, = M^F\^f^) + M2F0(7f ) = / ^] A G4 = M^Yif + M^Yif (5.48) 

for the G4-flux choice 

G4 = M^7f ^ + M27^2) . (5.49) 

For the choices M* = 1 we extract the invariants diTid^ d^ from this superpotential, 
i.e. from the prepotentials -^"^(72^^) ^^nd ^'^(75^''). We note that the above grade k = 2 
basis elements (I5.46P become under 6i li exactly the leading solutions of the Picard- 
Fuchs system (I5.39p . Using the same identification we find L^^^^ = Xq{Ii + ^3)^4 and 
]]^(2)5 _ Xq{12 + 14)12 as the leading behaviour of corresponding periods j 2^ = II*^^-'" of 
the holomorphic four-form. This agrees with the naive expectation from the large base 
limit that a partial factorization of the periods occurs as t4 ■ tf" for t^\i = l, 2, the two 
classes in [38] . 

It is one crucial point of our whole analysis that we can extend this matching of three- 
fold invariants even for disk invariants counting curves with boundaries on Lagrangian 
cycles L in Y3. Having explained the F-theory origin of this fact before we will here 
explicitly find the flux choice in H\j' (X4) for which the flux superpotential (13.41) on the 
fourfold reproduces the brane superpotential (12.61) . By construction our fourfold X4 in- 
herits information of the fiber and in particular the local limit geometry (9(— 3) — t- P2 
for which the disk invariants have been computed in p]. As noted earlier the brane data is 
translated to the F-theory picture of the fourfold X4 by the Mori cone generator £(3) and 
its dual divisor J3. Therefore, we expect to reproduce all classical terms as well as extract 
the disk instantons of from the Gromov-Witten invariants ^^,0,^+^,0(73) of a period 
that we construct via (15.401) from operators of (15.391) of the form 7Cy = 6^{6i + 9^) + . . .. 
However, the geometry is more complicated and the ring element 7Cy with this property 
is not unique. It takes the form 

7^(2) ^ _^(2) ^ 1^(2) ^ ^(2) ^ _q2 ^ ^ Q^-^ ^ IQ^^Q^ ^ ^5_5Q) 

12) 

that is the most convenient choice by setting the arbitrary coefficients of TZa ■, a = 4, 5, 6, 

(2) 

to zero. We note that only the coefficient in front of 7^.3 was fixed to unity by the 
requirement of reproducing the disk instanton invariants. The two further coefficients 
(— 1, |) were fixed by the requirement of reproducing the Gromov-Witten invariants 
of local [56j by the fourfold invariants ndfl^dfi = n^, i.e. for m = 0, as explained 

(2) 

below. The relation between TZ\ and the corresponding solution is via 7 = Tl^^l\z=o and 
H(2)7 = J^Q^ i.e. 7^i2)H(2h = 1, so that 

L(2) t = -Xoll , Lf = iXo/2 (8/1 + 9/2 + 2/3) . (5.51) 
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This implies that we have exphcitly calculated the D7-brane superpotential fl2.6p from 
the fourfold superpotential fl3.4p by turning on the flux G4 = 7, 



= F°(7) = y 1] A 7 = nf . (5.52) 

If we list the numbers ri^^ 0,^3,0(7) extracted from -^'^(7) we get the following table. 
The BPS invariants of the holomorphic disks depend only on the relative homology class 
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Table 5.2: BPS invariants ^^^^0,^3,0(7) for the disks. With the identification 
— di = m (winding) and di = d (P^ degree) this agrees with 
Tab. 5 in [8]. 

of the latter. In the table — di = m labels the winding number of the disks and di = d 
the degree with respect to canonical class of P^, i.e. if the open string disk superpotential 
is in terms of the closed string parameter q = e^'^** and the open string string parameter 
Q = e^'^** for the outer brane defined as 

00 00 

W = attt^ + a^tti + a^P + Utt + aft + ao + ^ ^ nd,rrJ^i2{q'^Q"'), (5.53) 

d=l m=—d 

then o,d3,o = 'ndi4z-di ■ Note that the numbers n^^^ are not calculated in the framework 
of [8] . However it is natural and calculable in the topological vertex formalism that they 
should be identified with drid., where is the closed string genus zero BPS invariant, 
defined via the prepotential as F = Y^^=i ^d^'^'i{(f') ■ The factor of d comes from the fact 
that we identify W = ^F. This interpretation as Udfi^fl = dud could be consistently 
imposed and yields two further conditions as mentioned above. 

To obtain the open BPS invariants of phase III of [8], we use the phase II of f l4.22p . 
In this phase the fiber class is not realized as a generator of the Kahler cone. However 
we readily recover the classes of as 

Ji ^ Ji{%) J2 + 4 ^ J2{Y^) (5.54) 
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by comparison of the Mori cone fl4.22p with the Mori cone (14.51) of Y^. Then we fix a 
basis TZa'' of the ring at grade two as 

el, 262(6, + 303), 63 {6, + 36,), 6,6,, 61 (6^ + 6,) {26, + 6,) , (5.55) 

from which we obtain a basis of dual solutions L'^'^^ " to the Picard-Fuchs system (]A.9P 

L(2)i ^ L(2)2 = _i_ (/, (I6/2 + 9/3) + 3 {h (6/3 - 5/4) - h ih + 5/4))) , 

L^')' = ^ ih (9/2 + I6/3) - 3 ik (-6/3 + 5/4) + h ih + 5/4))) , = (5.56) 

L(2)5 ^ ^2^ = 3^ (/2 + /3) (-3/1 + /3 + 5/4) • 

Next we construct two solutions with leading logarithms matching the two threefold 
periods of (I5.44p for which we are able to match the threefold invariants dind^^d2 in the 
large base limit as well. The leading logarithms of these fourfold periods read 

Lf = iXo(/i+3(/2 + /3))', 

= iXo(/2 + /3)(2/i + 3(/2 + /3)). (5.57) 

which is in perfect agreement with (15.441) under the identification (I5.54p . We fix the 
corresponding operators 7c\ , TZ^ by matching the above two leading logarithms by the 
classical intersections C^ab '^i^ (I5.40p . We complete them to a basis of TZ^'^^ as follows 

nf) = 6\, llf = ^ i6, (16^2 + 9^3) + 3 i62 i663 - 56,) - 6, i6, + 5^4))) , 

T^f = h (^1 (9^2 + 16^3) - 3 (^^3 (-6^3 + 56,) + 62 (^3 + 5^^4))) , = 616,, 

= 01 = rA02 + e,) i-36, + 6, + 56,) , 

where again this basis relates to the leading periods (I5.56P by 6i i-^ h- The corresponding 
integral basis elements of H'^'^iX,) read 

# = nf^nu=o , # = nf''^z=o • (5.58) 

(2) 

Furthermore, we determine the ring element TZ^ that matches the open superpoten- 

(2) 

tial by turning on four- form flux in the direction 7 = 7Z\ Q\z=o- Again we fix 

7^f = al7^f - 1^(1 + 6a2)7^f + 7^f ^ + a37^f + a27^f (5.59) 
by extracting the disk invariants from the solution associated to it via (l5.4Up which reads 
L(2)7 = c(ai)Xo/2 (/i + 3/3) , 
Lf = lih + h) (2/1 + 3 (/2 + ^3)) - B (/i + 3 ih + h)) (3/1 + 29/2 + 29/3 + 10/4) . 
Here we explicitly displayed the dependence on the three free parameters for L*-^^^ by 

y (2,') 

'^('^1) ~ 9+i40ai evaluated 'L\ for the convenient choice = 0. 
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Table 5.3: BPS invariants ?T.fc,o,j,o(7) for the disks of the second triangula- 
tion. 

6 Basics of enumerative geometry 

In this section we want to describe from the A-model perspective the relevant enumerative 
quantities, which are calculated in this paper in the B-model using mirror symmetry. 
Important circumstantial evidence for the open-string/ fourfold duality approach [lH [T4] 
advocated in this paper is the identical integral structure of the generating functions. 

However as we will review in the following, the absence of higher genus invariants on 
smooth fourfolds as opposed to the open string setting might be a hint that this duality 
discussed relies merely on an embedding of the open/closed moduli space into the closed 
moduli space as discussed, e.g. in [15], rather than on a full duality of physical theories. A 
possibility to avoid this conclusion would be that one has in general to consider singular 
fourfolds, typical for an F-theory compactification with degenerate elliptic fiber along the 
zero-locus of the discriminant. 

6.1 Closed GW invariants 

First we review the theory of closed Gromov-Witten invariants, i.e. the theory of holo- 
morphic maps 

(6.1) 

from an oriented closed curve Eg into a Calabi-Yau manifold X. We do not consider 
marked points. It can be defined mathematically rigorously in general and explicitly 
calculated using localization techniques if X is represented e.g. by a hypersurface in a 
toric variety. Here g is the genus of the domain curve and we denote by /3 G H2{X,'L) 
the homology class of the image curve. One measures the multi-degrees of the latter 
(3 = Yli=i ^iPi w.r.t. to an ample polarization L of X, i.e. deg(/3) = ci(L) = ^1^=1 ^i^i 
with di G N_|_. In string theory and in the context of the mirror symmetry the volume 



52 



of the curve /3j is complexified by an integral over the antisymmetric two-form field B. 
Thus, one defines the complexified closed Kahler moduli ti = (-B + ici(L)). 

For smooth X the virtual (complex) dimension of the moduli space of these maps are 
computed by an index theorem and reads 

vir dim MgiX, (3) = [ ci(X) + (dimX - 3)(1 - ^) . (6.2) 

In particular for Calabi-Yau fourfolds one obtains vir dim AiglX^, P) = 1 — g. Thus in 
order to define genus zero Gromov-Witten invariants one requires an incidence relation 
of the curve with k = (dim(X) — 3) surfaces to reduce the dimension to zero in order 
to arrive at a well-defined counting problem. For fourfolds one thus needs one incidence 
surface and we denote the dual cycle of the surface by 7 G if^'^(X4). Note that for 
dim X > 4 and g > 2 the dimension of the moduli space is negative and no holomorphic 
maps exist. The Calabi-Yau threefolds are critical in the sense that the dimension of the 
moduli space for all genera is zero. Thus, in general invariants associated to the maps 
are non-zero for all values of g. 

We define a generating function for each genus g Gromov-Witten invariant as follows: 

^'(71)= E r^(7i,---,7.)/- (6.3) 

They are labelled hj g, f3 and for dimX > 4 also by cycles 7^ dual to the incidence 
surfaces. Here is a shorthand notation for = HiLi e^'^**''^\ We note that this is 
not just a formal power seriei^, but rather has finite region of convergence for large 
volumes of the curves (3i, i.e. for Im(tj) ^ 0. This puts a bound on the growth of the 
Gromov-Witten invariants ?"^(7i). The contributions of the maps is divided by their 
automorphism groups and the associated Gromov-Witten invariants r^(7i, . . . , 7^) are in 
general rational. 

Although the discussion of (16. 2p indicates that the Gromov-Witten theory on higher 
dimensional Calabi-Yau manifolds is less rich than in the threefold case, one has a re- 
markable integrality structure associated to the invariants. In particular at genus zero one 
can define integer invariants n^(7i, . . . 7^) G Z for arbitrary dim(X) = k + 3 dimensional 
manifolds as 

F''(7i, . . . ,7.) = |C';(;'^.';;^)t'^t^ + 6°,^...,^,r + <^...^^ + En^(7i, . . . ,7.)Li3-.(/) , (6.4) 

/3>0 

^^This is important for the interpretation of such terms in the effective action. In fact, analyticity 
allows to define such terms beyond the large radius limit in terms of period integrals on the mirror 
geometry. 
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where Lip(g) = YlT=i dp ^ab-yi-^'^ classical triple intersections. For threefolds 

an analogous formula was found in p2] and the multicovering was explained in [57]. Note 
that &a^;^...^j., c^7i...7fe are irrelevant for the quantum cohomology, as the latter is defined 
by the second derivative of F°(7i, . . . , 7^). 

Genus one Gromov-Witten invariants exist on Calabi-Yau manifold of all dimensions 
with the need of incidence conditions as discussed above. For fourfolds the authors of 
[55] define the following integrality condition 

I3>0 

+ (6.5) 

/3>0 

Here the mj^^^^^ are so called meeting invariants, which are likewise integer as the ^^^(■) 
and the function a is defined by a{d) = 

Note for threefolds one also has the BPS state counting formula [58] 

00 

F{X,q) = J2X''-^FS = Yl n^i(2sinf)'^-'g^'^ . (6.6) 

9=0 /3>0,3>0,fc>0 

6.2 Open GW invariants 

Let us come now to the open Gromov-Witten invariants on Calabi-Yau threefolds Y. 
They arise in the open topological A-model on Y. We consider a Calabi-Yau manifold Y 
together with a special Lagrangian submanifold L and consider a map from an oriented 
open Riemann surface, i.e. Riemann surface with boundary 

^:S,,,^(f,L) (6.7) 

into the Calabi-Yau manifold Y. Here the Riemann surface is mapped with a given 
winding number into L such that the h boundary circles Bi of Hg^h are mapped on non- 
trivial elements a = (ai, . . . , ah) € H^{L, Z)®^. As in the closed case we do not consider 
marked points. For threefolds the moduli space ^Ag^h(Y, L, (3, a, /i) with the Maslov index 
fi has virtual dimension zero [59]. If H^{L,7j) is non-trivial, the special Lagrangian has 
a geometric deformation moduli. The open string moduli tj are complexifications of the 
geometric moduli by the Wilson-Loop integrals of the flat U{1) gauge connection on the 
brane. 
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The open BPS state counting formula analogous to (16. 6p was given in [60] and reads 

oo oo 

F{t,u)= >^"'-"^'FL...,n,it)iiU-' ■ ■ ■ [/-^ = ^ ^ "y^ ql'q-^TTnU- . (6.8) 



n L 1 2nsin -75- 

3=0, h=l n=l \^ 2 

In particular the disk amplitude, which gives rise to the superpotential, is given by 

W = Ft, = Y.^h{q^Q"') (6-9) 

with Q = e^'^**. Comparison with (16. 4p suggest that the counting problem of specific 
disks amplitudes can be mapped to the counting of rational curves in fourfolds since the 
integrality structure is the same and given by the Li2-structure. 



7 Conclusions 

In this work we have studied the holomorphic flux superpotential in F-theory compact- 
ifications on Calabi-Yau fourfolds. In F-theory the complex structure moduli of the 
elliptically fibered fourfold contain both the closed string and seven-brane moduli of the 
associated IIB theory. Thus, a non-trivial G4-flux induces a superpotential for both closed 
and open moduli of the Type IIB background. We made use of this unified description of 
open and closed moduli to explicitly present the splitting of the fourfold complex struc- 
ture moduli into threefold complex structure and brane moduli for a given example. This 
identification is further confirmed by heterotic/F-theory duality where we consistently 
matched F-theory and heterotic moduli. In particular, we used this to physically argue 
that the periods of the threefold Is have to be contained in the periods of X4, since Y3 
arises as the compactification space of the heterotic string by duality. Furthermore, we 
recovered the flux superpotential of the Type IIB string and the open-closed superpo- 
tential on the seven-brane with gauge flux inducing a five-brane charge from the fourfold 
perspective and comment on its heterotic interpretation. 

The presence of a non-trivial superpotential for the complex structure moduli of 
the fourfold X4 is of crucial importance in the study of F-theory vacua. In particular, 
as initiated in refs. [6T1 [62] , F-theory provides a promising framework to model su- 
persymmetric GUT models with a remarkably realistic phenomenology on non-compact 
Calabi-Yau fourfolds. In such non-compact scenarios one can tune the complex structure 
moduli by hand to obtain realistic settings. However, eventually one has to compactify 
these models as recently done in [631 This yields a large set of dynamical complex 
structure moduh and only a detained study of the F-theory flux superpotential will show 
whether phenomenologically preferred settings can indeed be stabilized by fluxes. The 
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compact setups of ref. [63] are realized on explicit Calabi-Yau fourfolds in a toric ambient 
space, and it would be interesting to analyze the superpotential for a relevant subset of 
the complex structure moduli by the guideline presented in this work. 

Let us summarize the methods applied in this work. Since the whole analysis of this 
work is based on the extensive use of mirror symmetry, we presented an account of basic 
facts and methods of closed and open mirror symmetry in section [2l After discussing 
the general structure of flux and D7-brane superpotentials in Calabi-Yau orientifolds we 
introduced the necessary technical machinery to construct Calabi-Yau hypersurfaces in 
compact toric Fano varieties. For open mirror symmetry we recalled the non-compact 
setting with Harvey-Lawson type branes dual to D5-branes which was crucial for our later 
re-interpretation of the open Gromov-Witten invariants as invariants originating from a 
seven-brane in the B-model geometry. In our F-theory analysis of section H] the whole 
Riemann surface of the local mirror geometry was contained in the discriminant locus of 
the elliptic fibration that encodes seven-branes in F-theory. The open superpotential was 
induced on this seven-brane since a world- volume gauge flux induced five-brane charge. 

Before delving into the details of these calculations we briefly introduced in section 
[3] the general concepts of F-theory and the toric construction of elliptic fourfolds with 
particular fibration structures encoding the non-perturbative physics of seven-branes as 
well as heterotic dual geometries. Here we put special emphasis on the flux superpotential 
and the supersymmetric F-theory fluxes. We completed our picture by briefly mentioning 
the concepts of the spectral cover construction for heterotic/F-theory duality, that we 
later on applied to identify moduli on both sides. After this preparation we started 
to embed the local A-model geometries with Harvey-Lawson type branes into compact 
threefolds in section HI For the sake of clarity we chose as an explicit example local P^. 
We described the geometry of the elliptically fibered threefold Y3 and its mirror Y3 which 
is also elliptically fibered. We put strong emphasis on the Weierstrass model of 1^3 and 
checked that in the limit of large elliptic fiber, we obtained the local B-model geometry, a 
conic over an elliptic curve. Next, we gave a construction to associate a compact fourfold 
X4, i.e. a five-dimensional reflexive polyhedron to the compact Calabi-Yau threefold Y3. 
The fourfold X4 contained I3 as generic fiber with base P^. There is a rich fibration 
structure on X4 and we showed that the mirror geometry X4 which was relevant for 
our study is also elliptically fibered such that F-theory is well-defined. We studied the 
geometry of X4 in great detail and showed that the discriminant locus of X4 contains a 
component which corresponds to the seven-brane in F-theory. Furthermore, both X4 and 
its mirror are fibered by an elliptic K3 which allows for a heterotic dual compactified on 
the elliptic threefold Y3. For both the F-theory and the heterotic side we could determine 
the splitting of the complex structure moduli of X4 into complex structure moduli and 
brane respectively spectral cover moduli. 
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To actually compute the superpotential on fourfolds and to identify the threefold 
periods, we described mirror symmetry on Calabi-Yau fourfolds in more detail and also 
more formal aspects related to the topological A- and B-model defined on fourfolds. 
We took also a closer look on the properties of the periods of the fourfolds since the 
flux superpotential could be expressed as a linear sum of them. Here we put special 

(2 2) ~ 

emphasis on the determination of the integral base of Hy' (X4). This made necessary 
to determine the classical terms in the maximally logarithmic period fl5.27p as well as 
to perform the analytic continuation and monodromy analysis for the periods of sextic 
hypersurfaces. We used the identification of prepotentials fl5.43p implying a matching 
of classical terms as well as instanton numbers of the corresponding periods to match 
the periods of I3. This way we determined a G'4-flux to match the flux superpotential 
in the form of (15.481) . A similar analysis allowed for a G4-fiux matching the brane 
superpotential in (15.521) . Thus we have exphcitly checked, on the level of computing the 
superpotential and identification of periods, that the complex structure moduli space or 
the flux superpotential of F-theory contains the closed/open moduli space of the Type 
TIB theory with seven-branes. Equivalent statements could of course be inferred for the 
moduli space of the heterotic dual theory. 

We concluded with section [6] where we provided a basic background in enumerative 
geometry and introduced some of the notions we used throughout our work. Further 
examples of fourfolds with more moduli were discussed in two appendices. 

For possible future directions it would be interesting to analyze the structure of peri- 
ods on fourfolds at other points of the moduli space including a general analysis of mon- 
odromies. Physical interpretations of their different structure compared to the threefold 
case might shed some light on additional massless states tightly related to singularities 
in the moduli space. Furthermore it might repay further studies to deduce the classical 
terms of the maximally logarithmic period from first principles. From a physical point of 
view a more thorough analysis on the other G4-fiux choices not considered in our work 
would be useful. In particular we note that the F-theory superpotential intrinsically con- 
tains non-perturbative corrections due to a non-trivial dilaton dependence of the fourfold 
periods that treat it on an equal footing to ordinary complex structure moduli. 
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A Further topological data of the main example 

Here we supply the topological data of the fourfold X4 that was omitted in the main text 
for convenience. Besides the intersection rings we will also present the full Picard-Fuchs 
system at the large radius/large complex structure point. These determine as explained 
in section |5] the primary vertical subspace Hy^lX^) of the A-model. 

As was mentioned before there are four triangulations whereas only three yield non- 
singular varieties. Again we restrict our exposition to the two triangulations mentioned 
in section 14.31 For the following we label the points in the polyhedron given in fl4.22p 
consecutively by z/j, z = 0, . . . , 9 and associated coordinates Xi to each i/j. Then the toric 
divisors are given by Di := {xi = 0}. 

Phase I: In phase I of the toric variety defined by the polyhedron in fl4.22p one 
has the following Stanley-Reisner ideal 

SR = {D^Ds, D,D,, DsD,, D.D.D^, D^D^D^, D^D.Dj} . (A.l) 

From this we compute by standard methods of toric geometry the intersection numbers 

Cq = 1/4(1/^ t/2 + J1J3J2 + J^J2 + 3t7it72 + 3J3J2 + 9.72) + J1J3J2 + JlJ^J2 + J^J2 

+ 2JlJl + AJiJ^iJl + "^JlJl + 11^1^1 + I5J3 J| + 46J2^ 
C2 = 2AJl + 36 Ji J4 + 48 Ji J3 + 36J4^3 + 48J| + 128Ji J2 + IO2J2J4 (A.2) 

+ 172 J2^3 + 530 , 
C3 = -66OJ1 - 54OJ4 - 900 J3 - 2776J2 . 

Here we denoted generators of the Kahler cone of (14.241) dual to the Mori cone by Jj 
as before. The notation for the Ck is as follows. Denoting the dual two-forms to Ji 
by LOi the coefficients of the top intersection ring Co are the quartic intersection numbers 
JiHJjnJknJi = Jx^ UiAUjAukAcoi, while the coefficients of C2 and C3 are [c2(X4)]n Jjfl Jj = 
C2 A A Uj and [03 (X4)] fl Jj = C3 A respectively. 
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As reviewed in section 15.31 the Picard-Fuchs operators of the mirror fourfold X4 at 
the large complex structure point are calculated by the methods described in pi]. In 
the appropriate coordinates Zi defined by (14. 9 p and evaluated in f l4.32p we obtain the full 
Picard-Fuchs system on X4 given by 



'-2 



-(-1 + 9i- d^){-2 + 201 + 04 + ^3 - 02)(-l + 2^1 + 04 + 03 - 02)^1 

02(-20i - 04 - 03 + 02) - 12(-5 + 602)(-l + 602)^2 , 

(01 - 03)(-04 + 03) - (1 + 01 + 04 - 03)(-l + 201 + 04 + 03 - 02)^3 , 

04(01 + 04 - 03) - (-1 + 0^- 03)(-l + 201 + 04 + 03 - 02)^4 • 



(A.3) 



Now we calculate the ring TZ given by the orthogonal complement of the ideal of Picard- 
Fuchs operators defined in (15.170 . Using the isomorphism 0^ i— )■ Jj discussed in section ESI 
we obtain the topological basis of Hy^{X4) by identification with the graded ring 
Since Jj form the trivial basis of H^'^{X^ and H^'^{X4) is fixed by duality to H^'^{X^, 
the non-trivial part is the cohomology group Hy'^[X). We calculate the ring TiS^^ by 
choosing the basis 



7ef) = 02, n"^:^'^ = e^{e, + e^), n'^> = es{ei + e;), 7^f = 02(01 + 202), 



,(2) 



,(2) 



(2) 



7^: 



(2) 



02(04 + 02 



7^ 



(2) 



(A.4) 



Then we can use the intersection ring Cq to determine the topological metric rj^'^'^ of fl5.14p 
given by 

/000 4 3 3\ 

14 6 8 

18 10 10 

4 14 18 230 124 137 

3 6 10 124 64 73 

3 8 10 137 73 80 

The entries are just the values of the integrals 



Vi 



(2) 



v 



(A.5) 



(2)^ 
/3 ^ 



\9i^Ji 



(A.6) 



where we think of it in terms of the Poincare duals and the quartic intersections are given 
as the coefficients of monomials in Cq. The basis TZf^ at grade p = 3 is determined by 

• • (3) 

requirmg 77^^' 



"^^^ — 6ah^,i-b+i where h^'^ = 4 for the case at hand. Then the basis reads 



= 0l(-0l04 - 0204 + 0203), = 0l(-0104 + 0102 + 0204 " 0203), 



(3) 



TZ^^^ = 0104, TZ^4^ = 01 (—20104 ~ 0102 + 0203) • 



.(3) 



(A.7) 
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Finally, we choose a basis of TZ^"^^ by 7^^^^ = -^Colj^t^e, such that f]'^^,bo ~ ^ f*-*^ ~ 



Phase II: Turning to the phase II of fl4.22p the Stanley-Reisner ideal and the inter- 
section numbers read 



SR 
Co 



{D,Dr, DrD^, DsDg, D^D^D^, D^D^D^, D^D.Dr, D^D^D^D^}, 

JlJiJ-i + 2J2J| + 3Ji J4JI + 12Ji J| + QJ^Jl + hA4 + J4 + 2J1V3J2 

+3Ji J2 J3^4 + 12Ji J3V2 + 972^3^4 + 54J|J2 + 2JiV2^ + 3Ji J4J2 + 12Jl J3^2 



+ 54J|J| + llJi J| + 9J4JI + 5IJ3JI + 46Jf 



2 ? 



Co 



C3 



2AJl + 36Ji J4 + 138Ji J3 + IO2J4J3 + 618J| + 128Ji J2 + IO2J2J4 
+588J3^4 + 530 J42 , 



(Ai 



: 660 Ji - 540 J4 - 3078 J3 - 2776 J2 , 

where the Kahler cone generators were given in ( ]4.25p . 

The complete Picard-Fuchs system consists of four operators given by 

- (-3 + 3^1 - ^3 + 2^4) (-2 + 3^1 - 03 + 2^4) (-1 + 3^1 - 03 + 204) zi , 

Ci' = -02 (01 + 02 - 03) - 03 + 04) - 12 (-5 + 602) (-1 + 602) (-1 + 02 - 03) ^2 
£f = -(02 - 03) (-301 + 03 - 204) -(1 + 01 + 02 -0,3) (1 + 02 - 03 + 04)^3, 
vCf = 04 (02 - 03 + O4) - (-2 + 301 - 03 + 204) (-1 + 301 - 03 + 204) 24 • 

This enables us to calculate Hy^{X4) as before. The basis at grade p = 2 reads 

7^f ) = 02, 7^f = 02(201 + 603), 7^f = 03(01 + 303), 7^f = 0i04 



(A.9) 



^4, 



7^ 



(2) 



nf = 03(202 + 203 + 04) + 0204 



(A.IO) 



for which the topological metric r^^^^ is given by 



.(2) 



/ 12 6 2 10 \ 

12 2240 1120 20 328 1512 

6 1120 560 10 174 756 

20 10 3 12 

2 328 174 3 46 228 

10 1512 756 12 228 1008 



(A.ll) 
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Again the basis of iir^'^(X4) is fixed by r]ffj = (5a,/ii.i-6+i to be 

7^f^ = (18202 ^ 2502 ^ ^^(_22502 + SS^g)) (^i + 02 + ^3 + ^4) , 

= ^ (91^? + lO0i + 01 (02 - 5703)) (^1 + 02 + 03 + O4) , (A.12) 

7^(3) = -6,(62 - 03) (^1 + 02 + 03 + 04) , 

7^f = (27302 + 2302 + 0i(-2O702 + 6O03)) (0i + 02 + 03 + 04) • 
We conclude with the basis of H^'^iX^) fixed by 7^(°) = 1 as 7^(^) = gigColj.^e,. 

B Further examples of fourfolds 

Here we consider a broader class of Calabi-Yau fourfolds (X4, X4) that are constructed 
as described in section H] by fibering Calabi-Yau threefolds ^3 over P^. The threefolds we 
consider here are itself elliptically fibered over the two-dimensional base of the Hirzebruch 
surfaces for n = 0, 1, 

Fn ^ 

i (B.l) 

pi 

Therefore, we will distinguish the constructed mirror pairs (X4, X4) by the two-dimensional 
base Fn we used to construct the threefold Y^. 

In the following we will present the toric data of the threefolds Y3 and fourfolds X4 
including some of their topological quantities. Then we will determine the complete sys- 
tem of Picard-Fuchs differential operators at the large complex structure point of the 
mirror Calabi-Yau fourfold and calculate the holomorphic prepotential F^. From this 
we extract the invariants which are integer in all considered cases. Furthermore we 
show that there exists a subsector for these invariants that reproduces the closed and 
open Gromov-Witten invariants of the local Calabi-Yau threefolds obtained by a suit- 
ably decompactifying the elliptic fiber of the original compact threefold. This matching 
allows us to determine the four-form flux G4 for the F-theory compactification on these 
fourfolds such that the superpotential ( 13. 4 p admits the split (13. 5p into flux and brane 
superpotential. 

B.l Fourfold with Fq 

We start with an elliptically fibered Calabi-Yau threefold Y3 with base given by the toric 
Fano basis of the zeroth Hirzebruch surface Fq = P^ x P^. Its polyhedron and charge 
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vectors read 
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0/ 



where points in the base are again labelled by a superscript There is one triangulation 
for which the Stanley-Reisner ideal in terms of the toric divisors Di = {xi = 0} takes the 
form 

SR = {D2D3, D,D,, D,D,Dj}. (B.3) 

This threefold I3 has Euler number x = —480, hi i = 3 and h2^i = 243, where the three 
Kahler classes correspond to the elliptic fiber and the two P^'s of the base Fq. The 
intersection ring for this Calabi-phase in terms of the Kahler cone generators 

Ji = Di + 2D2 + 2D4, J2 = D2, J3 = A (B.4) 

reads Co = 8Jf + 2JfJ3 + 2JIJ2 + J1J2J3 and C2 = 92Ji + 24J2 + 24J3. 

In the local limit 0{K) — )■ Fq Harvey-Lawson type branes described by the brane 
charge vectors = (-1,0,1,0,0) and = (-1,0,0,1,0) were studied in [8]. To 
construct the Calabi- Yau fourfold X4 we use the construction of section H] with the brane 
vector i^-^^ and expand to the polyhedron A|- and determine the Mori cone generators 
^'^'^ with i = 1, . . .5 for the four different triangulations of the corresponding Calabi- Yau 
phases. Here we display one of the four triangulations on which we focus our following 
analysis: 
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(B.5) 



In this triangulation the Stanley-Reisner ideal takes the form 

SR = {D2D3, D^Ds, D^Dg, D^D^, Dg^^io, ^9^10, D^D^D,]. (B.6) 

The generators of the Kahler cone of the fourfold in the given triangulation are 

Ji = Di + 2Dio + D2 + D3 + 2D^, J2 = L'lo, J3 = ^4, J4 = Dw + D3, J5 = D2 , 

(B.7) 

for which the intersections are determined to be 

Co = 42Ji^ + 8Jf J2 + TJfJs + 2 J3 + 12Jf J4 + 2 J^Vs J4 + SJ1J3J4 + JMzJa 

+ 2J^ J4 + Ji J3J4 + + 2J^J2J5 + 2JiJ^J^ + J1J2J3J5 + ^J^J^Jk, + Ji J3J4J5, 

(B.8) 

C2 = 92 Ji J2 + 486Ji2 + 24 J2 Ja + 82 Ji J3 + 24J3 J5 + 92 Ji J5 + 24 J2 J5 

+ 24J2 J4 + 138Ji J4 + 36J3J4 + 24J4J5 + 24J|, (B.9) 
C3 = -2534J1 - 480 J2 - 420 J3 - 720 J4 - 48OJ5. 

We calculate the core topological quantities to be 

X = 15408 , /t3,i = 2555 , /i2,i = , = 5 . (B.IO) 

Furthermore, we note that these intersections reveal the fibration structure of X4. Wc 
recognize the Euler number of the threefold Y3 as the coefficient of J2 and J5 in C3 and 
the fact that both J2 and J5 appear at most linear in Cq, €2- This is consistent with the 
fact that the fiber F of a fibration has intersection number with itself which implies 
cs{F) = C3(X4) using the adjunction formula as well as ci{F)+ci{Nj^^F) = ci{Nj^^F) — 
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for X4 Calabi-Yau. Thus we observe a fibration of represented by the classes J2 and 
J5 over the base curves corresponding to respectively. 

The Picard-Fuchs operators are determined as before and read 

£1 = 01 (^1-^2 -2^3 -^4 -^5) -12 (-5 + 6^1) (-1 + 6^1)^1, 

£2 = 02 (02-^4 + 05) -(-1 + ^2-^4) (-1-^^1+^^2 + 203 + ^4 + ^5) ^2, 

£3 = 03^- (1 + 01 -02 -203-^^4 -05) (2 + 01 -02 -203 -04 -05) ^3, (B.ll) 

£4 = (02 - 04)(04 - 05)-(l + ^^2 - 04 + 05)(-l-^l+^2 + 203 + 04 + 05)^4, 

£5 = 05 (02 - 04 + 05)-(l + ^^l-^2 - 203 - 04 - 05)(l + 04 - 05)^5 ■ 

Then we can proceed with fixing the basis of Hy'^\X4) at each grade p by determining 
the ring TZ of f l5.17p . We choose a basis at grade p = 2 as 



7^f ) = 01 (01 + 05) , 7^f = 01 (01 + 02) , 7^f ) = 01 (201 + 03) , 7^f = 0i (0i + 04) , 

7^f= 0203, 7^f ) = (02 + 04) (04 + 05) , 7^?)= 0304, 7^f)= 0305. (B.12) 
The basis of solution dual to this basis choice is given by 



LS') = |/l (/l - /2 - 2/3 - /4 + 7/5) 

^3^^ — i^i (^1 ~ h + 2/3 — h — h) , 1^^^^ 



(2) 



|/l (/i + 7/2 — 2/3 — /4 — /s 



|/l (/i — I2 — 2/3 + 7Z4 — I5 



L 



(2) 
5 



(2) 



(2) 



L 



(2) 



I (^2 + ^4) (^4 + ^5) 5 '^7 — ''3''4 ) -11^8 — 'S'S 

(2) 

The topological two-point coupling between the TZa in the chosen basis reads 



^2^3 5 
(B.13) 
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(B.14) 



The basis of T^*^^-* determining H^'^^X^) that is fixed by Poincare duality to the Kahler 

(3) 

cone generators satisfying rj^f^ = 6a,h^A-b+i is chosen to be 



7^f) = 1(90105 - 20103 - 01)^3 + 020i - 010205 



= 1(^1^3 + 202 - 100105)03 - ^20i - 010205, n'i^ = Oi{\el - 0305 - 2020; 



(3) 



n. 



5), 



010205, TZ 



(3) 



103(202 - 30103 - 100105 - 40203) - 010205 • (B.15) 
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We choose the basis of H'^'^{X4) such that the volume is normahzed as Tj^^Jh^ = 1 for 
7^W = 1, i.e. 7^W = ^Co|J^e. 

In order to fix the integral basis of Hy we again match the threefold periods 

from the fourfold periods via (15.431) . The first step is to identify the Kahler classes of ^3. 
As discussed above J5 represents the class of the Calabi-Yau fiber Y3. The intersections 
of la are obtained from ( IB. 81) upon the identification 

Ji ^ Ji{Ys) J2 + J4,^ J2{Y,) , h ^ (B.16) 

With this in mind we calculate the leading logarithms LQ,(y3) on the threefold given by 

U{Y,) = iA'„(2!i + (,)(2(i + (3) , LjII's) = iX„!,(ii + h) , MY3) = ^fo'i('i + '2) ■ 

n 

This together with the requirement of matching the instanton number^ | nd^^d2,dz of I3 

via nd^^d2,dz,d2fi oil -^4 fixes unique solutions of the Picard-Fuchs system 

Lf ) = iXo(2/i + h){2h + I2 + h) , = IXohih + h) , = ^Xohih + I2 + h) , 

(B.18) 

that upon (IB. 161) coincide with the threefold solutions. This fixes three ring elements 
n'i\ a = 1,6,8, by the map induced from fl5.40p that we complete to a new basis 

) = 1^1 (^1 -02- 26, - 04 + 76,) , = (01 + 702 - 203 -O4- 05) , 

= -A -02 + 203 - 04 - ^5) , = l^^l (^^1 - 02 - 203 + 704 - 05) , 

= 0203 , nf^ = 1(02 + 04) (04 + 05) , n? = 93O4 , = 6365 . (B.19) 

Then the integral basis elements are given by 

7P=^f)fi|,=o, #=^f^fi|.=o, 7f=^?^fi|.=o, (B.20) 

where again the new grade p = 2 basis is obtained by replacing /j ^ 0j in the dual 
solutions of (IB.lSp . We conclude by presenting the leading logarithms of the periods 
n(2)a "when integrating Q over the duals 7*^^^" for a = 1, 6, 8. They are then as well given 

by L(2)i = Xoh {h + h), L(2)6 = Xo {h + h) {U + /5) and L(2)8 = Xo/3/5. 

Finally we determine a 7 fiux in Hlj^^Xi) such that we match the disk invariants of 
[8] for both classes of the local geometry 0{K) — )■ Fq with the brane class. Furthermore 
we reproduce the closed invariants of [56J for the two P^-classes for zero brane winding 
m = 0. First we identify in the polyhedron (]B.5P the vector (.'^^^ as corresponding to the 



""^^We note here that by just matching the threefold instantons the solution on the fourfold could not 
be fixed. The two free parameters could only be determined by matching the classical terms, too. 
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brane vector. Then we expect to recover the disk invariants from the fourfold invari- 
ants ?T'0,cii,d2,<ii+m,o- Then the flux 7 deduced this way still contains a freedom of three 
parameters and takes the form 

7 = + \nf + + \nf)ni=o (B.21) 

where we choose the free parameters Oj in front of nf\ nf, and TZf to be zero. 
Note that ay = 1 is fixed by the requirement of matching the disk invariants. For this 
parameter choice the leading logarithmic structures of the corresponding period Vt and 
of the solution matching the invariants are respectively given by 

L(') ^ = Xo {h + U) {U + k) , = iXo/i (4/i + 3/2 + 2/3 + k) . (B.22) 



B.2 Fourfold with Fi 

Here we consider an elliptically fibered Calabi-Yau threefold Y3 with base twofold given 
by Fi = P(0 © C'(l)) which is the blow-up of at one point. The polyhedron and 
charge vectors read 
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where the labels by a superscript ^ again denote points in the base. There are two 
Calabi-Yau phases and for the triangulation given above the Stanley-Reisner ideal reads 

SR = {D2D3, D^D,, DiDeDj}. (B.24) 

This threefold has Euler number x — 480, hi^i — 3 and /i2,i = 243, where the three Kahler 
classes correspond to the elliptic fiber and the two P^'s of the base Fi. The intersection 
ring for this Calabi-phase in terms of the Kahler cone generators 

Ji = D2, J2 = D1 + 3D2 + 2D4, Js = D2 + D4 (B.25) 

reads Co = 2Ji J| + 8J| + J1J2J3 + SJ^Js + J2 J| and C2 = 24Ji + 92 J2 + 36J3. 
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For the second Calabi-Yau phase we have the following data: 



£(2) 



-6 1 1 -1 2 3 \ 
0-3 1 1 10 , 
1 -1 -1 1 y 

SR = {Di ■ D,, D, ■ D5, Di-De- D^, D2 ■ ■ D,, D^-D^-D^- Dj}, 

Ji = D, + 3D2 + 2D + A, J2 = D2 + Di, h = Di + 3D2 + 3^4, 

Co = 8Jf + 3JfJ2 + Jl J| + 9JfJ3 + 3J1J2J3 + JIJ3 + 9Ji J| + 3J2JI + 9J|, 

C2 = 92 Jl + 36 J2 + 102 J3. 



(B.26) 



Harvey-Lawson type branes were considered in ^ for the brane charge vectors = 
(-1,1,0,0,0) and = (-1,0,0,1,0) for the non-compact model 0{K) F^. The 
Calabi-Yau fourfold X4 is constructed from the brane vector for which there are 
eleven triangulations. Again we restrict our attention to one triangulation with the 
following data 
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SR = {D2 ■ Ds, D 


2-D^, 


D3 ■ Dg, 


D, ■ D,, Ds 


■D,o, 


D9 


• Dio, D,-De- Dr} , 


Jl — D2, J2 - 


= 1^1 + 


2D,o 


+ D2 + DS + 2D,, J3 


= A, 


J4 


= D,o, 


J5 = Dio + Ds 



with intersections 



Cq — Jl J2J4J5 + J2 J4J5 + J1J3J4J5 + J2J3J4J5 + Jl J4 J5 + J2J4 J5 
+ 2Ji J2J5' + 2JlJl + 2JiJsJl + 2J2 J3 J5 + 3Ji J4J5' + 4J2J4J5 
+ 2J3J4J5 + 2JlJl + 8J1 J| + I2J2 J| + 8J3JI + IIJ4JI + 42J 



(B.27) 



5 ' 

C2 = 24Ji J2 + 24J2 + 24Ji J3 + 24J2J3 + 36Ji J4 + 48J2 J4 + 24J3J4 + 2AJl 

+ 92 Jl J5 + I38J2 J5 + 92J3 J5 + I28J4J5 + 486 Jg^ 

C3 = -480Ji - 27OJ2 - 48OJ3 - 660 J4 - 2534J5 . 

Furthermore, we determine x = 15408, h^'^ = 2555, /i^'^ = and h^'^ = 5. 

Again the Euler number of the threefold Ys appears in C3 in front of Ji and J3 
confirming the fibration structure. By comparing the coefficient polynomial of Ji, J3 
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with the threefold intersection rings presented in appendix \B.1\ IB. 21 we infer that Ji is 
precisely = £ ^ Fi, whereas J3 is = £ ^ Fq. Since we discussed Fq in detail 
before we will just concentrate on the fibration structure involving Fi. 

The Picard-Fuchs operators of X4 read as 

Ci = e,{ei-e2 + es)-{-i + e,-e2){-i + ei + e2 + 2e^-e,)z,, 

-- {6, - e2){e2 - Os) -{1+6,-02 + 03){-l +01+02 + 20, - 0,)Z2, 



C2 



-03(01 - 02 + 03) -{1 + 02- ^3)(-l + ^^3 - 0,)Z3, (B.28) 

0i{-03 + 0a) - (-2 + 01+02 + 2^4 - ^5)(-l + 01+02 + 2^4 - ^5)24, 

0^{-0i - 02 - 204 + 05) - 12(-5 + 605){-l + 605)z5 , 



from which we determine the basis of 7?.*^^^ as 



,(2) 



(2) 



K' = 0^02 + 05), 7^6 



with the two-point coupling 



1 + 02) {02 + 03) , = 0104, 

- 04 {03 + O4 



n 



(2) 



^4; , 



(2) 



= 05 {Oi + 05) 

O3O5, 



7^ 



(2) 



000 A 



^4 — i72(74, 

05 {04 + 2^5) (B.29) 



i(2) 



(B.30) 



/OO 8 8 00 20 \ 

3 4 1 7 

8 3 58 5 64 6 10 114 

5 5 1 9 

8 4 64 5 68 6 10 123 

0060600 8 

1 10 1 10 18 

\ 20 7 114 9 123 8 18 214 / 

The dual basis of solutions reads 

L(2) 1 = 1 (Z, + (^2 + Zs) , L(2) ^ = hl4, L(2) 3=1/5 (6/1 _ /2 - 2/4 + /s) , 
L(4) 1 = /2/4 , 5 = i/5(-/i + 6/2 - 2/4 + h) , 6 = l^l^ + /,) , f^i^) 7 = ^ 

L(2) 8 = i/5(-2/i - 2/2 + 3/4 + 2/5) . (B.31) 

We determine H^^'^\X4) by duality to the canonical basis of H^^+^{X4) by the basis 
choice of 7^*^^^ given as 



TZ^ — ^1^2^45 TZ 



(3) 



-2^1^2^4 + 0,0205, 



7^ 



(3) 



—010204 + O1O4O5 ~ O2OAO5 + O3O4O5, TZ 



(3) 
5 



-O1O2O5 + O2O4O5 — O3O4O5, 
-010204 — O1O4O5 + O2OAO5 ■ 
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Our choice for a basis of H^*''^\X4) is given by 7^^^^ = -^CqIj^^q-. 

Again we fix the integral basis of H^'^''^\X4) by the requirement of recovering the 
threefold periods from the fourfold ones. We readily identify the Kahler classes of the 
threefold Y3 among the fourfold classes as 

J2 + J3 ^ MYs), J, ^ J2{Ys), J4 ^ JsiY^), (B.32) 

which matches the threefold intersections by identifying Ji = in the fourfold intersec- 
tions flB.27p . Then we calculate the classical terms of the threefold periods to be 



Li(r3) = Hk + h) , 1^2(^3) = 1(2/2 + /a) (2/1+ 4/2 + /3) , 1^3(^3) = 1/2(2/1 + 3/2 + 2/3). 

(B.33) 

On the fourfold X4 we determine the periods that match this leading logarithmic struc- 
ture. They are given by 

= Xohih + h) , = IXoih + 2/5)(2(/2 + /3) + h + 4/5) , 

= |Xo/5(2(/2 + /3) + 2/4 + 3/5) (B.34) 

and immediately coincide with the threefold result using (IB. 321) . It can be shown ex- 
plicitly that the instanton series contained in the corresponding full solution matches 
the series on the threefold as well. The threefold invariants n^i.da.rfs ^ire obtained as 
noAi,di43,d2 from the fourfold invariants. To these solutions we associate using fl5.40p ring 
elements 71"^, a = 1, 3, 2, that we complete to a new basis as 

^f^ = i(^i + ^2)(^2 + ^3), nf^ = e,e,, nf^ = 19,(66, -9,-29, + 9,) , 
nf = 626, , nf^ = ^e.i-Oi + ee, - 29, + ^5) , = 1^4(^3 + 0,) , 

nf'^ = e^e, , nf^ = \e,{-29i - 29, + 3^4 + 2^5) , (B.35) 

where we again note that the basis of dual solutions and the new ring basis coincide by 
li 9i. Then the integral basis elements read 

#=^f)^]|,=o, #=^^'^fi|.=o, 7f = ^^'^^]|.=o , (B.36) 

such that we obtain the full solution with the above leading parts L^'' as Ha'' = j VL/\^a- 
The leading behaviour of the periods n*^^)" is then given as L*^^^^ = Xq{Ii + /2)(/2 + ^s), 
L(2)2 = Xo/1/4, L(2)3 = Xokili + respectively 

We conclude by determining the flux element 7 in Hjj' {X4) that reproduces the 
disk invariants in the phase II of [8], where the local geometry 0{K) — )■ is consid- 
ered. First we identify i^"^^ of the toric data in (IB. 271) as the vector encoding the brane 
physics. Therefore, we expect the fourfold invariants no^rn+di,di,d2,o to coincide with the 
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disk invariants what can be checked in a direct calculation. The ring element yielding this 
result reads 7 = TZ\ where the free coefficients in front of the other ring elements were 
chosen to vanish. The leading logarithmic parts of the period fl and of the solution 
n^^-* = J n A 7 = Wb7 respectively read 

= Xokih + l2 + h + k + 2/5) , = Xokk . (B.37) 
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